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In this paper we are concerned with singularly perturbed variational problems in-
volving the curl functional, which arise in the mathematical theory of liquid crys-
tals. The asymptotic behavior of the minimizers in the singular limiting process is
discussed, which is closely related to the variational problems for curl functional
under various constraints. @000 American Institute of Physics.
[S0022-24880)00607-1

I. INTRODUCTION

In this paper we study variational problems which arise naturally in the mathematical theory
of liquid crystals. The main focus is to study the asymptotic behavior of minimizers of the
variational problems where the curl functional is dominant. Before stating our problems and main
results in this paper, we shall explain our motivation first.

The phase transition phenomenon is an important topic in the mathematical theory of liquid
crystals. Several mathematical models for phase transitions from nematic to sféetsed on
order parameter theory were proposed by de Gehhedso see McMillar?. In recent years
various simplified mathematical models have been posed based on singular perturbation theory in
calculus of variation, see for instance Refs. 4, 5, 6.

In the classical Oseen—Frank theory, nematic phase of liquid crystals can be described by a
director fieldn:Q0—S?, which is a minimizer of the following Oseen—Frank energy functidnal,

Wop(n)=J Woe(n,Vn)dx,
0
whereQ) CR® is a smooth bounded domain occupied by the liquid crystal sample, and
k k k ko +k
Woe(n,Vn)= ?1|div n|?+ ?2|n.curln|2+ 53|n/\curln|2+ %[tr(Vn)Z—(div n)2].

Here thek; are material constantk, ,k,,k;>0. In this paper we shall only consider the Dirichlet
boundary conditions. The last terftr(Vn)2— (div n)?] will be dropped, since it is a divergence
term and can be reduced to a surface integral. So, in the following we shall assume

k k k
Woe(n,Vn)= El|div n|2+ 52|n«curln|2+ §3|n/\curln|2.

It is well-known that Oseen—Frank model has been used successfully to describe the point
defects of nematic liquid crystals. But, to describe line defects one may need to use Ericksen’s
model®
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We(s,n)= L)WE(s,n)dx,

where

¢ ks . Ke )
WE(s,n)—EWOF(n,Vn)+§|VS| +E|Vs-n| + (s).

Heres is a scale function called thdegree of orientation

It is believed that, the Ericksen’s model and its varieties may be useful to describe the
transitions of liquid crystals from the nematic phase to smekihase. By dropping various not
very important terms in the Ericksen’s functional, one is led to the following simplified energy
functional

k k
W(u) = L}EWUH Ez|curlu|2+ w(|u) 1 dx, (1.2)

whereu=sn andk, is large® The functiony satisfies the following condition:

¥ is a positive C! function and limy(s)=+oe. (1.2

S—®

It is expected that, ak,—, the asymptotic behavior of minimizers ¢f.1) under suitable
boundary conditions will provide a mathematical representation of the phase transition process of
liquid crystals from nematic phase to smecficphase. For this purpose, one may also use a
slightly different model

k k
I(u)=f [—1|divu|2+—2|curlu|2+¢(|u|) dx. (1.3
ol 2 2

The limiting behavior of minimizers o#\(u) or Z(u) ask,— is not at all clear. Several
basic mathematical questions are open.

Let us first consider functionall.1). We assume tha€) is a smooth bounded domain in
R", n=2,3. Givenuge HY3(9Q)NL*(4Q), denote

H(Q,up)={ue HY(Q,R"):u=uy on dQ}.

Fix k;>0 and denote bwy(k,) a minimizer of W in H({,ug). Our general problem is
(Q1). As k,— +, how to derive sharp estimates of the minimal energfu(k,)), and to study
the asymptotic behavior of minimizers?

Inspecting the functionalV, one may guess that, cur{k,) should be approximately zero
sincek, is very large. So it is natural to ask
(Q1.1. As k,— +o, will the total energyVW(u(k,)) remain bounded?

If the answer to(Q1.1) is yes, then one further asks the following:
(Q1.2. As k— +0, does the corresponding minimizetk,) converge (in some sense) to a limit
which is a minimizer or stationary point of the following functional:

k
o= [ | 1wue+ o @4

with curlu=07?
These two questions, posed in Ref. 6, are closely related to the minimization problem of the
curl functional,
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]-"(u)=J |curlu|2dx.
o

Denote

R(ug)= inf  F(u). (1.5
ueH(Q,ug)

It is surprising to us thaR(ug) is achieved for every, given, as stated in the following:

Theorem 1: Assume) is a bounded, smooth, simply connected domaiik'inn=2,3. For
any upe HY2(0Q)NL*(9Q),R(ue) is achieved in HQ,uy). Moreover, the minimizers are
unique modulo gradient fields. More precisely, fix a minimizeH (,uy), then the sek (ug) of
all the minimizers of the curl functional can be represented by

3(Ug)={U+Ve:peH?Q),Ve=0 on 4Q}. (1.6
Remark 1.1\We note that every minimizer dR(ug) satisfies the following Euler equation:
curl?u=0 in Q, u=uy on 9.

Using Theorem 1 we can prove that,kgs-, there is a sequence of minimizer&,) which
converges to a minimizar of the curl functional?. Furthermoreu minimizes .7, as defined in
(1.4), among all the minimizers of the curl functional.

Theorem 2: Assume( is a smooth, bounded, simply connected domait"im= 2,3. Assume
y satisfies the condition (1.2) anghe HY3(9Q)NL*(99Q). Let u(k,) be a minimizer oV in
H(Q,up). Then, for any sequencek +«, there exists a subsequence such that the correspond-
ing minimizersu(k,)—u strongly in H(Q,R3), whereu satisfies

F(u)=R(Ug), Jo(u)= inf Jo(u).

ueX(ug)

Remark 1.21t can be seen from the proof of Theorems 1 and 2 in Sec. Il that the condition
that () is simply connected is only used to guarantee féi) is achieved.

As a consequence we find that,&f(uy) =0, then we have positive answers (f91.1) and
(Q1.2. Hence it is interesting to know the conditions under whiRfuy)=0 holds. Several
results are given in Sec. Il.

Similar results for the functional(u) which is defined in(1.3) are also true, and can be
proved by using Theorem 1.

In the following, we lety(s)=\(1—s%)? in (1.1) [or in (1.3), see Ref. §

k k
W(u,kl,kz,)\)zf (%qu|2+ ?2|curlu|2+)\(1—|u|2)2 dx.
Q

When we fixk; andA, and letk, go to +2, the asymptotic behavior of minimizers has been given
by Theorem 2. Now we ask
(Q2). What is the limiting behavior of the minimizers)of( -,k ,k,,\) as we send both and k,
to +, with N growing faster than k?
For convenience we choose a proper scaling and consider the following functional:

1
Eg(u)=J |s|Vu|2+|curIu|2+ 2—(1—|u|2)2 dx, (1.7
o &

wheree<1. Assumeug|=1 a.e. oniQ) and denote



5036 J. Math. Phys., Vol. 41, No. 7, July 2000 X.-B. Pan and Y. Qi

C.(up)= inf  &E.(u).
ueH(Q,ug)

The Euler equation for minimizers &, in H(Q,uy) is

1
—eAu+curPu=—(1-|u®>u in Q,
€ (1.8

u=ugy on dQ.

We are interested in the asymptotic behavior of minimiZerg of £, ase—0. Intuitively,
there is a close relation between the asymptotic behavior, pfand the existence of minimizers
of the curl functional among all the unit vector fields. To make this observation clear, we introduce
several notations. Assum@ is a bounded smooth domain i, n=2,3. Assumeug(x)|=1.
Denote

H(Q,5" 1, ug) ={ue WHHQ,5"™ 1), uf ;0= U}
If H(Q,S" up) #J, we define

Rn(Ug) = inf Fu).

ueHQ,8" L ug)

If a unit vector fieldv is a minimizer ofR,(up) thenv satisfies
curPv=(v-curPv)v in Q,

- (1.9
v=ugy on Q).

Note that Eq.(1.9) implies that cudv is parallel tov everywhere.
If Rp(uo) is achieved irH(Q,5""1,uy), we denote by, (u,) the set of all such minimizers
of Rp(up), that is,

Eh(uo):{UEH(Q,Snl,UO):f |curlu|2dx="Rp(Ug) } -
Q
Then we define

ap(ug)= inf f|Vu|2dx. (1.10
) Q

UEEh(UO

Our next theorem indicates that, &, (ug) is achieved irH({,ug), then the asymptotic behavior
of {u.} is simple. In fact,u, converges tdi ase—0, andU is a minimizer of R,(ug). If the
minimizers of R,,(uy) are not unique, then the liniit has the least energfy,| Vii|?dx among all
the minimizers ofR(ug).

Theorem 3: Assumeu, is a unit vector field, and assum®;(ugy) is achieved in
H(Q,5" 1up). Let u, be a minimizer of€,. Then for any sequence,—0, there exists a
subsequence, which we still write s}, such that the corresponding uconverges ta@i strongly
in W34(Q,R") andt is a minimizer ofR,(uy). Moreover T minimizes the functiongly,|Vu|?dx
among all the minimizers dRy(up), that is

fn|VU|2dx= ap(Up).



J. Math. Phys., Vol. 41, No. 7, July 2000 Variational problems of curl functional 5037

As an application of Theorem 3, we consider the variational proble&) oh the unit ballB
in R3. Let up=*+x on dB. We will show thatR,(=x)=0 and the only minimizer iH(B,S?,
+x) is £x/|x|. As e—0, the minimizew, of £, will converge to= x/|x| strongly inW*4B,R3).

For more details, see Theorem 3.2.

Note that the vector fieldsx/|x| are spherically symmetric. It is interesting that tiely
spherically symmetric minimizers of the curl functioahder suitable boundary conditions
WLAB,S?) are =x/|x|, see Theorem 3.1.

From Theorem 3 we see that, wh&p(up) is achieved, then the situation is simple, and the
limiting behavior of the minimizers of, is clear. However, as we shall see later, in many
practical casedd (Q,5"1,up) is empty, orRy,(Uo) is not achieved it (Q,S""1,uy). We believe
that a natural class for the variational problem of the curl functichia

L(Q,curlug)={ueL*(Q):curlueL?Q) and |u|=1 a.e. inQ}.
Set

Ri(ug)= inf F(u).

ue L£(Q,curl,ug)

Note that

max R(Ug),R(Ug) }<Rn(Up)

if H(Q,S""1,up) # . We expect thaR,(uo) is achieved inC(£,curl,up), and in casély,(uo) is
not achieved, the minimizer &, converges to a minimizer d®,(uy).
Due to the complexity of these problems, in this paper we only discuss the special case where
the domain is the unit disk in the plane. We assume tljahakes a constant anglg, with the
normal vector ofdD, i.e.,

up=el?*¢ol on 4D. (1.1

Without loss of generality we assume<@,=< /2. Note that whenp,=0, uy=x/|x| on dD,
which is in the outer normal direction; and wheig= /2, uy=(—x»,X;) on dD, which is in the
tangential direction. We shall prove thRj,(ug) is not achieved buR,(up) is achieved, and the
minimizer u, of the functional, converges weakly to the minimizer & (uo).

Theorem 4: Assume D is the unit disc in the plane anglis given in (1.11). Then we have the
following results:

(1) Ry(ug) =4 sir? ¢y, and the unique minimizer &&,(uo) is
v= ei[0+ arcsinr sin d>0)]. (1.13
(2) Letu, be the minimizer of,. Whenu, is not tangential to the boundagD, thenu,—vV
weakly in H.(D\{0}) as&—0.
Remark 1.3: For the unit disk case, under the conditions of Theorem 4,

Rn(Ug) =TRy(Up) =R(Up).

Both R(ug) andR,(ug) are achieved, buky(up) is not achieved.

Two special cases are particularly interesting.

When ¢o= /2, uq is a tangential field o@D. We will see that for any planar domaéh and
any tangential fieldiy,

R(ug)=4n,

and the equality holds if and only {2 is a disk, see Corollary 3.4 for more details.



5038 J. Math. Phys., Vol. 41, No. 7, July 2000 X.-B. Pan and Y. Qi

When ¢o=0, v(x) =x/|x|. For any¢,+# 0V has a unique singular point at the origin with the
same singularity ag/|x|.

Also note that, whemp,=0, R,(Ug) =0 andv(x)=x/|x| is acentral field More precisely, if
we writev=e'?, theny satisfies

COSyd i+ sinygd, =0 (1.13

for x#0, and the characteristic lines of Ed..13 intersect with each other only at the origin
=0.
In general, given a vector field, defined ond(), we say that, can be extended to become
a central field, if there exists @ingle-valued or multiple-valugdunction ¢ which satisfieg1.13
on O\{P}, such thae'¥=u, on 4, whereP is a point in{). Therefore the characteristic lines of
(1.13 starting from @Q, | ,,) intersect with each other at one point only. It is easy to show that,
if up can be extended to become a central fiel@irthenR,(ug)=0. In Sec. lll we will discuss
the characterization of curl-free unit planar vector fields from the view point of diffeomorphism.
The other interesting case where the variational problems for functidghasd £, can be
thoroughly discussed is whe is a cylindrical domain. Since a related problem has been treated
in Ref. 9, so we shall not present the results here. We mention that the variational problems in
circular cylinders of various related functionals have been studied by Cladis amdak}8
Mayer?! Bethuel, Brezis, Coleman, and'ldi,'? Mizel, Poccato, and Virg&®
We should also mention that, the mathematical theory of liquid crystals has been studied by
many authors, see for instance, Ambrd%ié® Aviles and Gigd''® Ambrosio and Virgd,
Brezis!® Chou®® Hardt and Kinderlehret,Hardt, Kinderlehrer, and Lif° Hardt and Lin?
Lin,®?22Calderer and Palffy-Muhorasf, Calderer, Liu, and Vog4 and the references therein.
This paper is organized as follows: In Sec. Il we discuss the variational problem for the
functional YW(u). Theorems 1 and 2 will be proven there. In Sec. Il we discuss the variational
problem for€, andF in general domains, and prove Theorem 3. We also study the characteriza-
tion of curl-free unit planar vector fields. In Sec. IV we discuss the variational problends &rd
Fin adisk inR?, and our special interest is on the case wWRg(u,) is not achieved buR,(u)
is achieved.

II. VARIATIONAL PROBLEMS FOR FUNCTIONAL WV IN GENERAL DOMAINS

In this section we discuss the asymptotic behaviorkas + o0, of the minimizers of the
functionalV given in(1.1). In particular, we shall prove Theorems 1 and 2. For convenience we
assume() is a smooth bounded domain . Our arguments also work for two dimensional
domains. Denote kj=¢2 and rewrite)V as

K 1
W, (u)= fﬂ[§1|w|2+ 5.z leurtul+ y(Jul) dx, (2.1)

wherek; and e are positive constants with being very small, ands(s) is a smooth function
satisfying (1.2, see, Ref. 6, p. 808. Givenye HY(9Q)NL*(9Q), we denoteH(,uy)={u
e HY(Q,R®):u=uy0nsQ}, and set

A (ug)= inf  W.(u).
ue H(Q,ug)

We denote a minimizer ofV, in H(,uy) by u.. As mentioned in the Introduction, we shall
prove that, for a sequenes, goes to 0, there is a subsequence, which we still writezgs such
that the correspondinggn converges to a minimizer of the curl functional. Therefore we begin
with discussions of the curl functional.

Denote byv the unit outer normal t@€). Define

H,(Q;div)={ue H}(Q,R3®):divu=0 in Q,u-»=0 on ¢Q}.
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The norm inH ,(Q;div) is
llull= (leurlullfz g+ ullF2 )2
which is equivalent to the usudd® norm in this space.
Lemma 2.1: For allwe H ,(Q;div), it holds that
f |cur|w|2dx=f |VW|2dX—J I, (w,w)dS, (2.2
Q Q Q)

wherell, is the second fundamental form &®.
Proof: In the following we denote bly,-) the inner product inR3.

Step 1. First we assume thate C2(Q)NH,(Q;div).
Since,

|curlw|2= div(w/\ curlw) —wAw+wV (div w)

and divw=0 in , we have

IW
J’ |cur|w|2dx=f |VW|2dX+J (wA\curlw) - v—w- —dS. (2.3
Q Q Q0 v
Now we prove that on the bounda#s§),
IW
(wAcurlw) - v—w- — = —TII ,(w,w). (2.9

v

Fix a point P e dQ). Without loss of generality we may assurRe=0, the origin. After
rotating the coordinates we may assume that, at the point=(0,0,1). Sincenv- v=0 on ) we
see thaw(P)=(w;(P),w,(P),0). So atP we have

ow
(wAcurlw) - v=w- o W11 W3~ WodoWs.

Whenx is nearP and on the boundar§(}, the unit outer normal can be represented by

1 2
Xg=p(x')= =3 2, ax(+O(X'[%),

1
W(—ﬁﬂﬁ,—ﬁz(ﬁ,lﬁ

wherex’ =(x{,X,), andaq,a, are the principal curvatures ¢f) at P. Sincew- v=0 on /) we
have

W3:W10"1¢+W2&2¢ on (). (25)
Sincev=(0,0,1) at the poinP, we haveV ¢(P)=0. It follows from (2.5 that, at the poin®,
W11 W3+ WpdpWa=W5d115(P) + 2W1Wod106h( P) +W5506( P)
=([D?¢(P)Iw,w)=—TI,(w,w).

This verifies(2.4). Now (2.2) follows from (2.3) and(2.4).
Step 2. Next we assumee H,(Q;div).
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We can writew=w;7{+W,7,, Where (r;,7,) is the orthogonal tangent field @k}, and
HV(Ti ,Tj):aij . Then,

IT,(W,w) = a;; Wi w; = a;; (W, 7; (W, 7).

Thus |TT,(w,w)|<C|w|? on 0. It follows that the functional
f IT,(w,w)dS
00

is continuous inH ,(Q;div) with respect to theH! norm. SinceC?()) is a dense subset in
H,(Q;div), we easily see tha®.2) is valid for allwe H,(Q;div). O

Corollary 2.2: Assumd) is a smooth, bounded, convex domainkih Then there exists a
constant GQ)>0 such that

j|VW|2dX$J |curIW|2dst(Q){f |VW|2dX+J |W|2dX} (2.6
0 0 0 0

for all we H ,(Q;div).
Proof: When(} is convex,II,(w,w)<0 for all we H,(Q;div). Hence(2.2) implies

j |VW|2dxsf |curlw|?dx.
Q QO
On the other hand, by the Sobolev embedding theorem,
| mwwas=cy) | |wPas=coo)wig,
4 a

Thus(2.6) follows from (2.2). O
Now we are ready to prove Theorem 1.
Proof of Theorem 1:
Step 1. For anyue HY(Q,R%®, we can decompose such thatu=v+Ve, where v
€ Hi(Q;diV) and ¢ € H%(Q) is a solution of the following Neumann problem:

J
Ap=divu in Q, &—fzu-v on dQ. (2.7

Note thate is unique modulo an additive constant. We may assume

f @dx=0.
QO

It is easily seen that
f |Vg0—u|2dx$f |Vf—u|?dx (2.9
Q Q

for all f e HY(Q). By the choice ofy, it is obvious thatv=u—V e e H ,(Q;div).
Step 2. Recall the definitioR (ug) in (1.5). Let{u,} CH(,upy) be a minimizing sequence of
R(ug). As in Step 1, we decomposg, as

U,=Vp+Vo,,
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wherev, e H,(Q;div) and ¢, is the solution of(2.7) with u replaced byu,. Then we have
fﬂ|curlvn|2dx= J’Q|curlun|2dx—>R(uo) as Nn—o.
Claim 1: ||V vyl 20, is bounded, i.e.,
J’Q|an|2dX$C, n=12,... (2.9

Proof of Claim 1: Suppose (2.9) were false. Then we may assume
Cn=[VVallL20)— as n—e.
Setw,=Vv,/C,. We have two cases to consider.

Case 1:[ o|w,|2dx=a, for a,>0 and alln=1.
In this case, we denote

1
Wn:@ fﬂwndx, Wh=W,—W,.

Then
L)|V‘7Vn|2dx=l and Jnlcurl\Tvn|2dx—>0 as n—,
By Poincareinequality we have
Lz|wﬂ|2dx£c(ﬂ)LI|V\TVn|2dX=C(Q)_

Passing to a subsequence we may assiime-W weakly in H(Q,R%). Therefore curf,
—curli weakly in L2(2,R%). On the other hand, cufl,—0 strongly in L?(Q,R%). Thus
curl=0. Since() is simply connected, there exists a functioaH?(Q) such thafv=VT. Now
we see that

Wo=W,+wW,=Vf+Vh,+g,,
whereh,=w,-x, andg,—0 weakly inH*(Q,RR%). Hence
U=V, +V,=Ve,+V(C,f+Crh,) +Cpgy-

It follows from (2.8) that
f |Vn|2dX:f |un_V(Pn|2dXsf |un_v(ﬁon+cn~f+Cnhn)lde:CnJ |gn|2dx-
Q Q Q Q
Therefore,
O<a0$f |wn|2dxif |gn|?dx—0 as n—oe,
Q Q

which is a contradiction.
Case 2:[ |w,|2dx—0 asn—oe.
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In this case we havew,—0 weakly in H}(Q,R% and strongly inL?(9Q). Thus
J o0l (W, ,w,)dS—0. From (2.2 we have

1=j |an|2dx=f |curlwn|2dx+f I1,(w,w)dS—0,
o 0 20

again a contradiction.
Thus Claim 1 is true.
Step 3. Now we show thaR(ug) is achieved.
Denote

1
Yn:WfQVner Vn=Vn—Vp.
From (2.9 and Poincarénequality we have
f ¥, [2dx=<C,.
QO

Therefore we have, after passing to a subsequéhee¥ weakly in HY(Q,RR®) and weakly in
HY%(9Q)). Denote

fo=@ntVo-X, fo="f, f,dS.

00 Jon
Then
Vi =Up—Vp—Uy—V],0 weakly in HYZ(9Q).

Now we consider the following minimization problem:
xn:ian |D?2¢|2dx:Vp=VT, on dQ, f ¢dx=0}.
0 Q

By choosing¢ =T, as a test function, we see thaj<. Since the functional involved is convex,
we see that a minimizer exists, which is denoteddgy. ThenV ¢,= VT, on dQ and

fﬂ¢n20'

Since

VTnlaQ: Uo—Vnlsgo—Uo— V40,

we haveV ¢,| ,o0— Uo—V| ;o weakly inHY49Q). Thus{\,} is bounded and,} is bounded in
H2(Q).

Therefore, we may assume thaét— ¢ weakly in H2V ¢|,n=Uy—V|,. Setli=V+V .
Thent| ;o= Uy, curlli=curlV, and
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R(uo)<f |curlTi|?dx= f |curlV|2dx
Q e}
<lim infj |curl¥,|2dx
n—oow JQ

=Iiminff |curlv,|2dx="TR(ug).
e JQ

That is,ie H(Q,ug) is a minimizer ofR(up).
Step 4. Assumel, ve H({,up) are minimizers ofR(ug). Then curlg—v)=0 a.e. inQ}.
In fact, for 0<a<1,8=1-—«a, setw=au+ Bv. Thenwe H(Q,up), and we have

R(uo)sf |curlw|2dx=a2f |cur|u|2dx+2aﬁf curlu-curlvdx+ﬁ2f |curlv|?dx
Q Q Q Q
s(a2+,82)R(u0)+2aﬁf |curlul - |curlv|dx
Q

<(a?+ B?)R(ug) + aﬂ{ fﬂ|curlu|2dxﬂL fﬂ|curlv|2dx]

=(a+ B)*R(Ug) =R (Up).

Thus curlu=C curlv a.e. inQ) for some constan€>0. Then
R(uo)=f |curlul?dx= sz |curlv|2dx=C?*R(uy).
QO ()

ThereforeC=1 and curu=curlv a.e. in().

Step 5. Recall thaf) is simply connected. Now we show that the 3gtuy) of all the
minimizers of R(up) is given by(1.6).

If uandv are both minimizers oR(u), then from Step 4, there is e H2(Q) such thatv
=u+Ve, andAe=0 on ).

Fix a minimizeru of R(ug). Then we segl.6) is true.

The proof of Theorem 1 is now complete. O

In the following we show that, among all the minimizers of the curl functional, there exists a
vector fieldu which has the least value gf;(u), where 7, is defined in(1.4).

Set

a(UO): |nf jo(u),

ueH(Q,ug)

(2.10
b(ug)= inf Jy(u).

ue(ug)

Obviouslya(ug)<b(ug).

Proposition 2.3: Assumé satisfies the condition (1.2), angye H¥(9Q)NL*(4Q). Then
b(uo) is achieved, that is, there existsgae H?(Q), with V=0 on dQ, such that7,(u+ V ¢)
=b(up).

Proof: Foru=u+Vee(ug),

k
o=+ V)= [ 17 Doyt T e
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Assumeu+V ¢, € 2 (Up) is a minimizing sequence @f, on 2 (ug). Thenu+ V¢, is bounded in
H(Q). Passing to a subsequence we h&ue,— Ve weakly in H! and strongly inL2(9).
ThusVe=0 on .

Denoteu,=u+Ve,, andli=u+Ve. Thenu,—T weakly in H}(Q,R%) and strongly in
LP(Q,R3) for all 1<p<86, and

f |VU|2dx=J |VU+D2$|2dxsliminff |Vup|2dx.
Q Q now J0O
Since the functiony satisfies the conditiofil.2), we have
Jt,//(ltl|)dX$Iimian (|up)dx.
0 now J0Q

ThereforeJ,(T) =inf, . z(uo)jo(u). O
Replacingu by T if necessary, we always assume that the vector fieild (1.6) satisfies

Jﬂlcurlﬁ[zdx= R(Ug), Jo(W)=b(up). (2.11

In the following we show the existence of minimizers of the functionidl given in (2.1
before we prove Theorem 2. Recall the definition of the minimum valygl,) given at the
beginning of this section.

Theorem 2.4: Givenuye HY2(0Q)NL*(9Q), there existau, e H(Q,ug) such thatW,(u,)
:AE(UO)'

Proof: Assume{u,}CH(Q,uy) such thatW,(u,)—A,(uy) as n—c. After passing to a
subsequence we may assume—u, weakly in HY(Q,R% and u,eH(Q,uy). Hence curl,
—curlu, weakly in L?(Q,R%). By condition (1.2) we find W,(u,)<liminf, . W,(u,). Thus
We(ua):As(uO)' O

Remark 2.11t is easy to see that, a minimizaey of the functionalV, satisfies the following
equation in the weak sense:

1
—kjAu+ ;curl2 u+£&(Juhu=0 in Q,
u=ugy on dQ,
whereé&(s)= ' (s)/s.
Proof of Theorem 2tn the following we always denote hy, a minimizer of\W, in H(Q,up).

First, we recall the definitions @(ug) andb(ug) given in(2.10, andR(ug) given in (1.5).
For everyue H(Q,uy) we have

Jo(u)=a(uy) and f |curlu|2dx=R(up).
Q

Hence,

R(up)

1
W, (u)=Jo(u) + 252 ngcurlu|2dx>a(u0)+ 7

Let u be a minimizer of the curl functional that satisfigs11). Then

R(ug) R(ug)
W)= To(W+ 7~ =b(Uo)+ 7
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Thus,
R(ug) R(up)

a(Uo) + 7~ <A (Ug) = W, (u,) <b(Uo) + 7~

So,
1 2
a(uO)SjO(us):Wa(us)_@fﬂ|curlusl dX
1
<b(Uo)—£2{ f |curlu,|2dx—R(uo) | <b(ug) = To(W).
Q

Hence,

a(Up)=Jo(u,)=<b(up).

We also have

fQ|CUf| U, |2dx=2e[ W, (U,) = To(U,) IS R(Ug) + 28[ b(Ug) — To(U,)]

<R(Ug)+2e[b(ug) —alup)].

Sendinge to 0 we find

limsup| [curlu,|2dx<=R(up). (2.12
Q

e—0
Since =0, we find that{u,} is bounded ifH(Q,R%). Passing to a subsequence we have

u,—u* weakly inH(Q,R3). So curlu,— curlu* weakly inL2(Q,R3) ase—0. Using(2.12 we
have [ o|curlu*|2dx<R(uy). On the other hand, sinag € H(Q,u,), we also have

fﬂ|cur|u*|2dx>7€(uo).
Hence,
f |curlu*|2dx="R(uy), and u* e>(up),
Q

where3 (uy) was defined in(1.6).
By the condition(1.2) we have

fz,//(|u*|)dxgliminf #(|ug)dx.
0 e JQ

Therefore,

b(ug) < Jo(u*)=<liminf Jp(u,)<b(up).

e—0
Now we see that* also satisfie$2.11). We may assume* =u. So,

u,—u weakly in H{(Q,R®), and Jy(u,)—b(ug) = To(1).
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Next we compute

k
3 | [varax= @ [ wihox=gu@—mint | uluax
2 Q Q Q

e—0

k
=JO(G)—Iiminf[jo(ug)—f —1|Vu£|2dx]
e—0 Q 2
. . Ky
= Jo(W) — lim Jo(u,)+lim sup > Q|Vu8|2dx

e—0 e—0

k
—lim sup?lf |Vu,|2dx.
Q

e—0

Thusu,—u strongly inH(Q,R3). This completes the proof of Theorem 2. (I
An immediate consequence of Theorem 2 is the following:
Corollary 2.5: Assume is a bounded, smooth, simply connected domaiRin=2,3.
Assumey satisfies (1.2), andipe HY(9Q)NL*(4Q). Let u, be a minimizer of the functional
W, . Then the following conclusions are true:

(1) Ase—0, the total energyV,(u,) remains bounded if and only ®(ug)=0.

(2) If R(ug)=0, then for any convergent sequence{af} with ¢—0, there is a functiony
e H?(Q) with Vo=u, on é0, such thatu, converges toVe strongly in H(Q,R") as e
—0, and

Jo(Ve)=inH{To(V): ¢ e HA(Q),V | s0=Uo}.

Remark 2.2Corollary 2.5 implies that the answer to the questi@@$) and(Q2) is “yes” if
and only if R(ug) =0.

Corollary 2.5 also indicates that, it is interesting to find the exact conditions under which
R(ug)=0. The rest of this section is devoted to this problem. We will give a necessary and
sufficient condition forR(ug)=0 in the two-dimensional case. We shall see that in the three-
dimensional case more geometric and topology conditions will be involved.

First we consider planar domains.

Proposition 2.6: Assume() is a smooth bounded domain ink?> and uq
e HY2(0Q)NL*(9Q). ThenR(up) =0 if and only if the following condition holds:

j Ug- 7ds=0, (2.13
)

where 7 is the unit tangential vector field ok).

As a direct consequence of Proposition 2.6, we have the following:

Corollary 2.7: Assumé) is a smooth bounded domain itf anduge HYA9Q)NL*(4Q). If
Uo is parallel to the normal direction ofi() everywhere, thefi(ug)=0.

Proposition 2.6 follows from the following Lemma 2.8 and an approximation process, the
details will be omitted.

Assume(Q is a Ck domain inR" and ge C¥(9Q,R"). We say thatg has aC¥ curl-free
extension if there exists a functiape CX*1(Q) such thatV ¢=g on dQ.

Lemma 2.8: Assum@ is a smooth (say € ) bounded domain ift?, and ge CX(9Q,R?)
for some integer k0. Theng has a ¢ curl-free extension if and only if (2.13) holds

Proof: Denote byw the unit outer normal obQ) and r the unit tangential vector. Denote
=—v. Assumed() consists a finite number of smooth simple close cugd<j<m. Each
curve can be represented as zj(s) ,0<s<L;, wheres is the arc-length parameter, amdL ;)
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=7(0). We choose the positive directionbf such that the orientation ¢f,n) is the same as that

of x;X,-plane, ands is increasing along the positive direction 6f. Thend/dr=d/ds on ).
Let d(x) =dist(x,dQ) be the distance function from to 32, and for u>0 we setQ(u)

={xeQ:d(x)<u}. Then there is a constapi,>0 such thatd e C¥(Q(u,)), and for everyx
e O (ug) there exists a unique poiat=z(x) e 9Q such that

x=z—d(X)v(z), Vd(x)=—v(2).

Fix a positive constani<puq. Then

Q(p)= U D;, where D;={z(s)—twv(s):0=s<L;,0s<t<u}.
j=1

First we assume that there exighs Ck“((_)) such thatV ¢=g. Then

L:
f g~7ds=f V¢~Tds=f JV¢(zj(s))~zj’(s)ds=qb(zj(Lj))—gb(zj(O)):O.
I T 0

Hence(2.13 holds true.

In the following we assumé¢2.13 holds. We shall construct a functiope Ck*l((_l) such
that V¢ =g on 4.

Let g; be anyCX extension ofg, that is,g; Ck(ﬁ,Rz) andg;=g on ).
Let ¢, be the solution of the following equation:

. . dpy
Api=divg; in Q, W=gl«y on 9/,

and [ o¢,dx=0. Theng, e C**1(Q).
Setg,=0;,—V¢;. Then

g, CXQ,R?), divg,=0 in Q, g,-»=0 on JQ.
Henceg,=(g,- 7) 7 on d).
On each curvé’; :z=z;(s),0<s<L;, we define a functiog; Ck“[O,L,-] satisfying follow-
ing conditions:

& (1) =0z 7=02(Zj(s)) - Z] (s) for 0<s<L;,
§;(0)=0.

Note that¢; is unique, and

dg — dié _
d—Sr(LJ)—d—Sl'(O) for 1=si<k+1.

Sinceg,=g— V¢, on d, using the conditior{2.13 we find &;(L;)=§;(0)=0.
Now we define a functiorg on Q) by

&(z)=¢(s) if z=z(s)el};.

Thenée C*"Y(9Q), anddéldr=g,- T on .
Fix a constanju,0< u< uy. Choose a functiomye C**1[0,u] such that

7(0)=1, 5'(0)=0, n(px)=7"(pn)=0, 0<p(t)<l for O<t<pu.
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Define a functiong, on ((u) in the following way. ForxeD;, we can writex=z—-tv(2),
wherez=z;(s) eI'j,0s<s<L; and Ost<u. We set

d(x)=n(1)§(2)=n(t) §i(s).

We easily see thap, e C*"1(Q(w)). Computation shows that, dn; we have

(9;152: dba

o gzﬂ'g;:_fﬂ$ﬂ%m:0

Now we define a functiorb by ¢= ¢+ ¢,. Thenge C< 1(Q(u)). On dQ we have

dp  ddq dp  ddq
_:_+92'T:g'7—1 a—y:W: -V

aT aT
SoVé=gond. O
Whenn=3 the situation is more complicated. Assufilds a bounded smoottsay, C**?)
domain inR3 andge C*(9Q,R%). Denote byg, the tangential component ¢f i.e., g,=g— (g
-v)v. Denote byV ¢ the tangential component &fi.
Lemma 2.9: Assum@ is a bounded € domain inR® and ge C¥(9,R3). Theng has a &
curl-free extension if and only if

9,=V ., on dQ (2.19

for somey e CKT1(9Q).
Proof: Obviously condition(2.14) is necessary.

Now assumey,=V .y for somey e C¥*1(9Q). We extendy to aCk*1 function onQ. Then
on ¢Q) we have

g—Vtﬂ:(g'v— (;—l;/j) V.

Choose a functiordf e Ck“((_l) such that=0 on dQ and

i
PPN

For example we may choogeto be the unique solution of the following equation:

A%7=0 in Q,
a{ Iy
(=0 andﬁ—g-v—ﬁ on dQ.
ThenV (¢+{)=g on . ]

Remark 2.3Let (y4,Y,) be the isothermal coordinates on the surféQe Then the tangential
field g, can the represented gs=g,(d/dy1) +9,(d/dy,). Denote

a9, 99

curl =———
9-) YT
It is easy to see that, ij has aC* curl-free extension, then

curl(g,)=0. (2.15
Define a 1-form on th&() by
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g*=g:dy; +g.dys,.

Obviously curl(g,) =0 if and only ifdg* =0, i.e., if and only ifg* is a closed 1-form. On the
other hand(2.14) means thag* =d¢ for some functiony, i.e.,g* is an exact 1-form. Recall that
if the first conomology groupd(dQ) is zero, then every close form is exact. Hence we get the
following:

Proposition 2.10: Assum@ is a bounded € domain inR® and ge CX(9Q,R3). Theng has
a CX curl-free extension if and only §* is an exact 1-form. Especially if the first cohomology
group H'(9Q)=0, theng has a & curl-free extension if and only if (2.15) holds

It is well known that if € is diffeomorphic to the spher& thenH(4Q)=0. So we get the
following conclusion:

Proposition 2.11: Assum@ is C* diffeomorphic to a ball iR andge C** (9, R%). Then
R(g)=0 if and only if (2.15) holds

Proof: Since) is C* diffeomorphic to a ball, s& is simply connected and*(9€2)=0.

From Proposition 2.10 we see tha®.15 implies g has aC* curl-free extension. Hence
R(9)=0.

Now assumeR(g)=0. From Theorem 1 we know th&(g) is achieved by a vector field
e WH(Q,R®). SinceR(g)=0, there exists a functiogre W>4 ) such that curi=0 a.e. and
u=g on /. SinceQ is simply connected, there is a functigne W) such thatV ¢y=u in Q
andV¢g=g on . SoV =g, on J). Hence

A_y=div,.g, on 9Q,
where A, and div. are the Laplacian and divergence operators @b. Note that g
e Ct2(90,R3). Hence diyg,e C*(dQ). Using the elliptic estimates oi) we find that
e C22(9Q). Therefore,
curl(g,)=curl (V_¢)=0 on Q.

This verifies(2.15. O

Ill. VARIATIONAL PROBLEMS FOR FUNCTIONAL &, AND F IN GENERAL DOMAINS

In this section we discuss the variational problem for the functiépalefined in(1.7). We
begin this section with the proof of Theorem 3 stated in Sec. I.
Proof of Theorem 3Denote byu, a minimizer of€, . Obviously

1
ES(US)BJ {8|VU8|2+ z(l—|ug|2)2 dx+Rn(Uo). (3.1
Q

By the assumptioriRy,(Up) is achieved. S&(up), the set of minimizers oRR,(ug), is not
empty. Without loss of generality we assumgis not a constant vector. Then(ug) >0, where
ap(up) is defined in(1.10. So we can choose, € > (ug) such that

J |Vv,|2dx=[1+0(1)]an(uy) as e—0.
Q
Note that|v,|=1. Then
Es(ua)sf {&|Vv,|?+|curlv,|2 dx=¢e[ 1+ 0(1)]an(Ug) + Rn(Ug)- (3.2
Q

Combining(3.1) and(3.2) we get
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1
f|IVug|2+2—2(1—|ug|2)2}dX$[1+o(1)]ah(uO)-
Q €
So
L}W%Fdx:[1+0(1)]ah(uo),

(3.3
| a-luprax-oe.
QO

Passing to a subsequence we may assumeti weakly inWh3Q,R"), |T(x)|=1 a.e. inQ.
Hencelie H(Q,S" *,u,) and

fﬂ|vu|2dx<|im ianQ|Vu€|2dxsah(u0). (3.9

e—0

Using (3.2), (3.3 we compute
1
f |curl uslzdx=ss(ug>—J [s|Vu8|2+ 2—<1—|u8|2)2]dxs{Rhwo)+s[1+o<1>]ah<uo>}
Q Q &

!

1
8|us|2+ Z(l_|us|2)2

dx} =Rp(ug) +O(e),
so

Lz|curlﬁ|2dxslim inf L)|curl U, | 2dX=<Rp(up).

e—0

Hence
fﬂ|curlﬁ|2dx=72h(uo),

i.e.,UeXp(up).
Using (3.4) we find

fQWﬁlzdx:ah(uo).

This and(3.3) together imply that

lim f |Vu8|2dx=f IVTi|Zdx.
Q Q

e—0

Henceu,—T strongly inW-%(Q,R"). O
As an application of Theorem 3, we consider the variational problems fon the unit ball
B in R® under a spherically symmetric boundary conditionaih
In the spherical coordinatég,d,¢), a unit vector fieldv defined onB can be written as

V= 0S¢ cosye, + cosé sinye,+sinée,, . (3.5
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If vis in the form of(3.5) with ¢ andy depending only om, then we call a unit vector field with
spherical symmetry. For such vector fields we assynaad ¢ satisfy the following boundary
conditions on the sphere,

(1)=&, P(1)=4po.
Denote
Up= COSE( COSYp€, + COSEy Sin o€yt Sinéope,, . (3.6

Then we can show the following:

Theorem 3.1:Let B be the unit ball ilR® andug be given in(3.6). ThenR,,(uo) is achieved
by a spherical minimizex in the form of(3.5 if and only if uy=*Xx. In this case the only
minimizers arev= *x/|x|.

Proof: Obviously, if uy= +=x on dB, thenRy(Ug) =0 andv= *=x/|x| is a minimizer.

In the following we assumér,(ug) is achieved byv, which is a unit vector field with
spherical symmetry. In the spherical coordinatesé, ¢), v can be written in the form of3.5),
whereé=&(p) and = i(p). In the proof of Theorem we denote=d/dp. We compute

cote . (psing)’ (p cosésing)’
curlv=— Tcosg sinye,— p e+ 5 e,.

So

7 cog
J|cur|v|2dx=27rJOlcosZ§sin2wdpJ © qquo
B

0 Sin(p
+4wJOl{|(p sing)’ |+ (p cosé sing)'|*}dp.

Hence,|curlv| e L%(B) if and only if
cosésinyg=0. (3.7

Denote byLs,(B,curl,uy) the subset of(B, curl,ug) consisting of spherically symmetric vector
fields in the form of(3.5). Then each vector field in this set satisfies the condit®. The curl
functional in Lg(B, curl,up) is reduced to

1 .
f(V)=4WJO [(psing)’|dp.

Assumev e Lgyn( B, curl,up) is a minimizer. Then it satisfies the following Euler equation:
cosé(psing)”=0. (3.8
Solving (3.8) we find
v =C0S§p€, +Sin&pe, .

For this vector fieldr we have diw= (2 cos&,+siné&,cote)/p. Henceve W4 B,S?) if and only
if sin §&=0. Therefore, ifR(ug) is achieved by a spherically symmetric unit vector fie|dve
must haveuy,=*e,= *x on B, s0oR(Up) =0, andv= *x/[x]|. O
Using Theorem 3 and Theorem 3.1 we can prove the following:
Theorem 3.2:Let B be the unit ball ilR® anduy= +x ondB. Letu, be the minimizer of,
in H(B,+x). Then ass—0,u, converges tat x/|x| strongly in W-4B,RR3).
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Proof: For simplicity we only consider the case whexg=x.

Denote v=x/|x|. Obviously ve H(B,5?x) and curv=0 away from the origin. Hence
Rn(x)=0 andv is a minimizer.

Now we show that=x/|x| is the unique minimizer oR;,(x). Suppose there is a unit vector
field we H(B,S?,x) such that curiv=0 in B. Then there is a functiog e W>%B) such thatw
=V ¢. Hence

IVp|=1 in B, Vé=x on 4B. (3.9

The solution 0of(3.9) is determined by the characteristic equations,

x=p, ¢$=1, p=0.

Using the boundary condition i{8.9) we find that each characteristic line is a ray from the center,
and along each ray ¢=uq(x/|x|) =x/|x|. Sow=v=x/|x|.

Using Theorem 3 we see that—x/|x| strongly inW*%B,R3 x) ase—0. O

Remark 3.1Under the conditions of Theorem 3.2 one can show that = x/|x| uniformly
in any compact subdomain away from O.

From Theorem 3 we see that, H(Q,S" %,u)#@ and if R,(up) is achieved, then the
limiting behavior of the minimizer$u,} of &, is clear. However, as mentioned in Sec. |, in many
practical casesi(Q,5"1,uy)=. For example, if) is a bounded smooth domain in the plane
and if the degree degg) of ug is not zero, therH (,5,uy) =&. Note that ifu,=w» or if ug
=7, where v is the unit outer normal of() and 7 is the unit tangential field of(}, then
deg(ug) =1. Therefore it is reasonable to consider the variational problem on a large set
L(Q,curlug) and discuss the achievability @&,(uy) on £(€,curl,ug). For the definitions of
L(Q,curlug) andR,(ug) see Sec. .

First we give a lower bound oR,(uy). Denote by|E| the measure of a s&

Lemma 3.3: Assum@ is a bounded smooth domainlitf. For anyuye HY%(9,5%) we have

1 2
R|(U0)2m_| J;QUO'TdS .

Especially ifug is a unit tangential field or(), then

Proof: Since

fcurludx=f u- 7ds,
[9) Q)

using Hdder inequality we obtain the lower bound. O
Lemma 3.3 has an interesting consequence.
Corollary 3.4: For any bounded smooth domahin R? and for any smooth unit tangential
field uy on &€, it holds that

2

The equality holds if and only ) is a disk

Proof: The first statement is the consequence of Lemma 3.3 and the isoperimetric inequality.
In the proof of Theorem 4 we shall show that, wheris a disk andu, is a unit tangential field,
Ri(ug)=4m and is achieved, see Sec. IV. Therefore, the second conclusion is true. [
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Even though Lemma 3.3 gives a lower boundRdfu,) for any tangential vector field,, we
cannot prove whetheR,(up) is achievable in general case at moment. We cannot even show it is
achievable wherR,(ug) =0. On the other hand, we can show that,jfis parallel to the normal
vector field ondQ), or more general, ii; can be extended to become a central figlt the
definition see Sec)|thenR,(ug) =0 and is achieved. See Corollary 2.7 for the related statement
for R(up).

In the following we shall discuss this issue further from the diffeomorphism point of view. For
simplicity we only consider the two-dimensional case. We begin our discussion with a special
case. Assuma is a unit vector field which can be written as-e'¢ for some functionp. For such
u, if u is a minimizer of R(u,) then it satisfies the Euler equatioh.9), hencee'?/\curl?e'?
=0 in Q. Especially if R;(ug)=0 and is achieved by such a vector fieldthen cure'?=0.
Computation shows that both these two conditions can be formulated with a differential operator
D, which is defined as follows:

D 4=cos¢d;+singd,.
In fact
curle'®=D, ¢, €'¢Acurfe'®=D%¢.

Let x be the original coordinates. Give*™, we look for a diffeomorphismx= F(y), where
F:G—Q is a map such that

—=¢'?
Y1

If such a mapF exists, then in the new coordinatgsve have

e . Xy no
—==c0S¢p, — =sing,
2% 2%
J 5 52 52
ay. P ayi "
Hence
. . )
curle'®=— e'AcurPe'¢=—.
Y1 dy1
Therefore,

(i) curle”=0inQeD4¢p=0 in Qeaddldy; =0 in G;
(i) e?AcurPe'?=0in Q=D56=0 in Qe d2¢ldyi=0 in G.

In order to get curk'®=0, we needF/dy,=e'? and d¢/Jdy,;=0. It suggests the conditions
for curlu=0: There are functiong(y,), and \(y,) such that
u:eig(YZ)' F(y):yleig()@)_'_v(yz).

Here(y,) andV(y,) are determined by the boundary conditioruoEssentiallyu depends only
on one variable.

In order to gete'?/\cur?e'¥=0, we needdF/dy,=€'? and 3*4/ay?=0. It suggests the
condition fore'®/A\curl? e'®=0: There are functiong(y,), £(y,), and \y,) such that

u=exp{i[2y14(y2) +&(y2) ]}, curlu=2{(y,),
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and

$(y2) " tsin(y14(y2)) expli[y1L(Ya) + E(y2) I} +V(ya) if £(y,)#0,

"y exdigy ]+ Viys) i Ly =0,
Here&(y,) andV(y,) are determined by the boundary conditioruoHence, curl only depends
on one variable.

Locally we can always write a unit vector fieldasu=e'?, but this may not hold in the entire
domain(). Nevertheless, the above intuitive discussion is still helpful, which yields the conclu-
sions for general case. The conditions for eu#l0 for the general case will be presented in
Proposition 3.5, and the conditions for Guilto be parallel tas will be given in Proposition 3.6.

In the following, for a smooth map, we denote by DF the Frechet differential [6f and by det
(DF) the determinant of DF.
Proposition 3.5: Let() be a bounded smooth domainsiA.

(1) Assume there is a diffeomorphismG— () in the following form:

F(y)=y1U(y2)+V(y2), (3.10
where Uy,) is a unit vector field. Set
u(x)=U(F (x)), xeQ.

Then curlu=0.
(2) On the other hand, assumeis a unit vector field and curb=0 in €. Assume there is a
smooth change of variables>(y) such that

IF(y)
qu(F(y)) and detDF)#0, xe(). (3.11

Then in the new variables y we ha¥e/dy,;=0.

Proof: Step 1. Assume there is a diffeomorphism in the forn{310.
Denotex=F(y) andU=(U;,U,). From(3.10 we have

gy, oay,
So,
d U J U
Do =2 Mo 1 (3.12
X4 det{DF)’ dx, def(DF)

SinceU is a unit vector fieldU - d,U=0. Hence

B du, Jduq o Yy, ,9Y2 B , N
curlu(x)= 9%, VZax 9%, delDF) (UU3;+U,U5)=0.
Step 2. Now assume curk=0 in (), and assume there is a change of variakle$ (y) satisfying

dF(y)
A%

—u(x), and detDF)#0 in Q.

Then(3.12 holds withU,; andU, being replaced by, andu,. Sinceu is a unit vector field, so
u-d.u=u-d,u=0. Hence,
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0 | du, duy  duy dyq U, duy, duy dy; u, Jdu
= r e —
eunu Xy Xy dyq X, del(DF) dy, dy; dx, det(DF) dy,

RN 313
Ay OXy  dyq Xy’ ’

Now we showdu, /dy,= du,/dy,=0. Otherwise, we may assuma,/dy,# 0. Then from(3.12
(with U, andU, replaced byu; andu,) and(3.13 we have,

_ dy1 9y, dy1 dy» 1 Y1 Y1
1 =" = [E—— J’- —
de((DF) ™) X, Xy  IX, dX, de(DF) {ulaxl g
1 ayp[aup| Tt au1+ A, o
~ de(DF) ax, | ayy) |y, oy,
a contradiction. O

Remark 3.2:Proposition 3.5 implies that a curl-free unit vector field in a planar domain
depends on one variable only. We shall call a map in the fort8df0 a central map.

Note that a map in the form dB.10 is not a conformal map in general. In fact, a nfain
the form of(3.10 is a conformal map if and only iF is an orthogonal linear transform, that is,

F(y)=Y1(cos¢q,Sin¢dg) +Yo(—Sin g, C0Sehg) + Vo,

where ¢ is a constant number ang is a constant vector.

Proposition 3.6: Let) be a smooth bounded domainlk? andu be a unit vector field ).
Assume that there is a smooth change of variables-ky), where the map FG— () satisfies
(3.11) inQ. Thenu satisfies the equation in (1.9) if and only if curldepends only onyy

Proof: DenoteH=curlu. Then curf u=(d,H,—d;H) andu/\curPu=u-V,H.

Sinceu is a unit vector field, as i163.13 we have

duy dyq duq dyq
S dyy OXg Yy OXy

Since dx,/dy,=u, and dx,/dy,=U,, we havedy,/dx;=—A\uU, and dy,/dX,=A\u;, where\
=1/defDF). So we find

Uy 9%y, duy 9%y,
dy1 IX1%;  dyq OX3

9°Uy dy; dy, 32“1(5)’1)2
9yZ Xy 9%y ayZ | ax,

y 3%y, duy %y,
Y1 9x5 Y1 IX19X,

d%uy dy; dy,
ay? 9%y x| 2

u-V,H=u, U

d%u, ( (9y1> 2
uz

ay? \ oxq

Sinceuydy/dx,+Uydy1/dx,=1, the sum of the last two terms in the right is

JPuy gy, d°uy dy;

ay: Xy dy; Xy’

Hence,
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v.oH JPUy dy; U, a2y1+ Py, | updy; duy 7%y, N 7%y,
u- =— —+— u - —— — U ——+Uu,—%
Uy oxg  dyy| T axE T 2axe0Xa|  dy? OXp  dY1| toXqdXp 2 o2

d%u, ay1+au2 d [ady,\ d%uy ay?y; du; 9 (ayl)

gy; oXy  dyi dyi\dxy| dy; dXp  dyp dyq|ox;

_d |dupdy; dupdy;| JH

Ay dyy 9X1 Y1 IXp| Yy

Consequently,
uAcurPu=0<u-V,H=0sdH/dy,=0.

The lemma is proved. O

IV. VARIATIONAL PROBLEMS FOR &, and F IN A DISK

In this section we discuss the variational problems for the functiépain a diskD in the
plane, and prove Theorem 4. In this section we denote

X » 1
g=r=e"’, g="(—xx)=e

i(0+ml2)

Throughout this section we assume thgis a unit vector field o@D which makes a constant
angle ¢, with the outer normal. Without loss of generality we assunsed)< =/2. In the polar
coordinates we can write,=e'l?* %ol see(1.12).

Lemma 4.1: Fom, given above we have

Ry(Ug) =47 Sir? ¢,

and the only minimizer of the curl functiondl in £(€,curl,up) is the vector fieldv given in
(1.12)

Proof: Step 1. We first look for a minimizer of the curl functionalamong all unit vector
fields in the formv=g'l?* ¢(N],

For suchv we compute

1[sin¢ 2
f(v)zf |cur|v|2dx=2wf —— T ¢’ cosg| rdr
D 0
and the Euler equation is
1)
cos¢+(r¢”+¢’)cos¢— r¢>’2+r smgb]=0.

Note that the solution of this Euler equation must satisfy&#€. In fact, if cos¢=0, then
¢=+x/2 andv=*+e,. This solution must be dropped because it does not li&(in,curl,S?).
Now since cog#0, cos¢ can have only isolated zero points. Hence the second factor in the
above equation must be zero, which can also be written as
d( d_ |
rdr rdrsmqb =sing.
The solutions of this equation which satisp(1)= ¢, are

sing(r)=(sin¢qy)cosi —logr)+ C sinh(—logr).
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The only solution which remains boundedras 0 is

Sing(r)=r sin¢y.

Hencev can be written a$1.12, or,

v=gll0¢(N]=[1—r?sir? ¢oe +r singgey. (4.1

Next we claim that the vector field given in (4.1) achievesR,(ug). In other wordsy is a
minimizer of the curl functionalF among all vector fields (D, curl,up). In fact, from(4.1) we
see that cun=2 sin¢y, and F(v) =4 sirf ¢py. From Lemma(3.3) we see thatF(v) =R, (Uo).
Step 2. Now we show that, the vector fieldjiven in(4.1) is the only minimizer ofF in the class
L(D,curl,ug).

To prove this conclusion, suppose=s L£({),curl,ug) is a minimizer of 7, and we shall show
w=V. Sincew is a minimizer,

f |curlw|?dx= 41 Sir? ¢,.
D
Hence,

f|curlw—curlv|2dx=f |cur|w|2dx+j |cur|v|2dx—2f (curlv)(curlw)dx
D D D D
=87 sir? ¢o—4 sin¢0f curlwdx
D

=87 sir? ¢po—4 sin¢0f w- 7ds=0.
dD

So
curlw=2sin¢, a.e. inD. (4.2
Note thatjw|=1 a.e. inD. Locally (at least near each point @GiD) we can write
w=e'®, with =60+ ¢, on JD.

Using (4.2) we find thatw is a solution of Cauchy problem of the following partial differential
equation of first order, witldD as the initial curve:

COSwd w+SiNwd,w=2 Sing,. 4.3

When ¢y# 7/2, dD is noncharacteristic fo(4.3) and the solution is unique neab. By
continuous extension we find that the solution is actually uniqu®oHencew=v.

So we only need to prover=v when ¢y,= 7/2. However, the proof presented below works
for all ¢g.

For an arbitrary poine'%e 9D, we denote the characteristic line @.3) starting from this
point by C(6,). To showw=v, we prove the following:

Claim 1: For every pointxe D, there is a characteristic ling(6,) passing througl; and
w=V along each characteristic cur@éd,).

Proof of Claim 1:Note that, whenpy=0, ¢=0. In this case every characteristic line is the
radial ray. So it is obvious that=x/|x|=v. Thus, in the following we assume<0¢,=< 7/2. The
equations for the characteristic lines @f3) are

x=e€', =2 singg.
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Solving this differential system we find that
w= 00"’ ¢O+ 2t Sin ¢0 ’
and the characteristic lin€( 6;) can be represented by

Sin( g+t singg)
X: —_—

Sindy exdi(fy+tsingg)].

Therefore, in the polar coordinates, the characteristicdif®) is represented as

. sin( ¢+t singg)

- =@p+tsi ) .
Sindg , 0=0p+tsing, (4.9

Hence the characteristic line lies i for — ¢, /sin py<<t<0, and reaches the center of the disk
whent= — ¢q/sin ¢y.

Now we see thaD is covered by the family of characteristic lines. In fact, for each
=re'’e D, we can find a characteristic lit# 6,) passing through. To see if this is true, for each
x=re'’e D, we solved, andt from (4.4),

arcsinr singg) —
0p= o+ 6—arcsinr singy), t= A - %o ¢0,
Sin¢g

Note that @g,t) satisfy the condition— ¢q/sin ¢y=<t<0.
Next we show that along each characteristic line it holds wratv. Write w= 6+ . Then
alongC(6,) we have, from(4.4),

0+ = w=0y+ ¢g+ 2t Sinpg= 0+ P+t singy.
Using (4.1) again
= pgt+tsingg=arcsinr singg) = ¢(r).
Sow=¢e/(?*N=¢ll0T¢(l=y Claim 1 is proved. O
Therefore we have shown thatis the only minimizer. Step 2 is complete. O

Lemma 4.2: Foru, given above, leti, be a minimizer o€, among all the vector fields in
H(D,ugp). For all e>0 small we have the following energy estimates:

(1) When0=< ¢y< /2,
1
E.(u,)=4msir? ¢0+27Ts|0gg +0(e).
(2) Whengo=7/2,

1 1
Am+27e Iog; +0(e)=&,(u,)<4m+3me Iogg +0(e).
Proof: Step 1. We first derive a lower bound,
_ 1
E.(u,) =47 sir? ¢yt 27e log—+0(e).
Using Hdder inequality we have

1 2
J|curlu8|2dx>m{f uo-rds] =47 Sir? ¢g. (4.5
D D
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Also note that deg(,) =deg(ug) =1, it is true that
1 1
f [8|VU€|2+—(1—|U8|2)2 dx=2me log—+0(s), (4.6)
D 2¢e e
see Ref. 25, p. 82, Lemma 4. Hence the energy lower bound is true.
Step 2. We derive a energy upper bound dgy= /2.
Let
0<6<l, 0<p<1, 00=2(1—+p).
We choose a test field in the form
u=f(r)e'terenl 4.7
where
r.
— if 0<r=3§,
f(ry=4 ¢
1 if o<r=1,

ar
——arcsinr  if 0<r=sind,,
20,

&(r)

5 ifsin fp<r=<1.
Note thate(r)=(1+ p)arcsinr for 0<r=<sin§,. Foru in the form of(4.7),

f2
|VU|2:f'2+f2¢'2+r_27

curlu

_(rfsinqﬁ)’
-

We compute
1
58(u)=f {8|Vu|2+|curlu|2+—(1—|u|2)2]dx
D 2¢e

o f-

=47+ 27e

f2
rf’2+rf2q§’2+T

1 r
— i 112 __£2)2
+r|(rf sing)’| +28(1 f2)2rdr

1 6
+4mep |Og;+ —

1 1
hl - 2, o2
|095+|ng 1 +O0(ep+p°+59).

T
+277'8<1—|Og§

Choosed= \127re, p=c? we get

1
E(u)=<&,(u)=4x7+3me log - +0(e).

Step 3. We derive a energy upper bound fet §,< 7/2.
Chooseu in the form of(4.7), wheref is the same as above, and
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¢=arcsinr sin¢y).
We have
2

1 5
E,(U)=47 SiI? ¢o+ 27e |og5+2m(1—2 log coseg) + EJFO((SZ).

Chooses= 127w we get
) 1
E(u)<E (u)y=4msir? ¢py+27e Iogg +0(¢g).

Now the lemma is proved. O
Corollary 4.3: Forug given above, leti, e H(D,ug) be a minimizer of, . Then we have the
following results:

)

) 1
f|curl U, |?dx=4 sir? ¢+ 0 slogg).

D
(2) When0= ¢y<m/2 we have

1 1

J [quS|2+ =—(1— |u8|2)2] dx=2mlog-+0(1),

D 2¢ €

and wheng,= /2 we have

1 1
f[qu8|2+—2(1—|u8|2)2]dszong—JrO(l).
D 2g €
Proof: Denote

X T
27 f O$¢O<E,
K(¢o)= -
Since

. . 1
417 Sir? ¢0$f [curlu|?2dx=<E&,(u,) <47 sir? ¢o+K(¢g)e log—+0(e),
D

we obtain the first estimate.
Since

1 1 1
fD[ |Vus|2+ ﬁ(l_|u£|2)2]dxz g{gs(ue)_ fD|Cur| us|2dx’ = g{gs(us)_4775inz ¢O}

1
——{f |cur|u8|2dx—47-rsin2¢o],
e|Jo

when 0< ¢o</2, using (4.5, (4.6) and Lemma 4.2 we obtain the second estimate. Whereas
¢o=ml2 we use(4.5 and Lemma 4.2 to get the third estimate. O
Proof of Theorem 4Assume G< ¢g< /2.
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Before starting the proof of Theorem 4, we recall the definitifiey,K,e,uqy,€)) given in
Ref. 25, p. 83, wherey:9Q— St and deg(y) =d>0. A mapu:Q— R? is said to belong to the
classS(cq,K,&,Uq,Q), if ue H(Q,up), and

(i) JollVu,|?+1/(2?)(1—|u|?)?}dx<2=d log (1) + K;
(i)  Forxge Q with |u(xg)|<1/2, then|u(x)|<3/4 whenevex e ) and|x—X,|<cgpe.

Recall that degfy)=1. We first prove that, when Q¢,<w/2, the minimizer u,
e S(cg,K,&,uq,D) for some constants, andK. In fact, from Corollary 4.8) we see thafi) is
true. Using the elliptic estimates for the Euler equatibr® we see that

C
|VU8(X)|$; on Q’

whereC>0 is independent of. (ii) follows from this result.
Having provedu, € S(cq,K,e,uUq,D), using the Compactness Theorem in Ref. 25, p. 85, for

any sequence,—0, there is a subsequeneﬁj and a pointb e D such that, foru; = Ug
i

uj—u weakly in His(D\{b}) as j—e,

e, heHi(D\{b}),

dist(b,9D)= 6, (cq,K,ug,D)>0.

Since {curlu;} is uniformly bounded inL?(D), there is a functiorH € L?(D) such that
curlu;—H weakly in L?(D) asj—c. On the other hand, sinag— u weakly inH(D\{b}) we
have curl;—curlu weakly in L%C(D\{b}). ThereforeH = curlu and

curluj—curlu weakly in L%D) as j—.

So

f |curlul?dx=<lim inff |curlu;|?dx= 4 sir? ¢,
D D

j—o»

which impliedue £(D,curl,up), and hence

J' lcurlul?2dx= inf  F(v)=4msir? ¢q.
D

ve L(D,curl,ug)
Thusu is the minimizer of the curl functionaF. By the uniqueness of the minimizers we get
u=e'lfT M1 p(r)y=arcsinr singy).

Henceb=0 andh= ¢(r)=arcsin sin ¢y).
The above argument implies that, for any sequesige 0, there is a subsequenegj such
that
usnj—>e‘[0+ar°5i“r5i“¢0)] weakly in Hi(D\{0}).

Therefore the entire sequenfie,} must converge, i.e.,

u,—ellfracsitrsindoll \weakly in Hi (D\{0}).
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Now the proof of Theorem 4 is complete. O
Remark 4.1Under the conditions of Theorem 4, we can prove that, wherpg< /2, i.e.,
whenug is not tangential to the boundasp, then

u,—elloraresinrsindo)l jn CK (D\{0}). (4.8

In fact, from the Structure Theorem in Ref. 25, p. 83, there is a Bjskentered at the point
b and with radius énj)“, a is independent of, such that

U
de _!&BJ =1,
|Uj|

and |uj(x)|>1/2 forxe E\Bj . Fix a constants, such that 6<5,<4d, . Then the ballB(b, &p)
with centerb and radiusd, is contained inD, and

dg(uj aB(ba)) 1
eq —r, s =1.
|Uj| 0

So

u

dec\(—ﬂ&[D\B(b,&@]) =0.
|Uj|

Using Lemma 4 in Ref. 25, p. 82, we also have

1 1
f |Vuj| 2+ —— (1—|uj|?)?} dx=2m log— +O(1).
B(b, 5) 28nj &n,

From this and Corollary 4.3 we get

1
f {|VUJ|2+—2-(1—|uj|2)2]dxsc (4.9
D\B(b, 5p) 28nj

for someC>0 independent o¢. From (4.9), we can use the methods in Ref. 26 to pro¥es).
Remark 4.2:In Theorem 4 we get the convergencewfwhenu, is not tangential to the
boundarysD. We believe that the same conclusion remains true wheis tangential ta/D.
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