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1. Introduction

In this paper we study reaction—diffusion systems of the form

Ut = Uz — H(u,v),

1.1
vs = Duge + H(u,v), (1.1)

where H is a non-negative C'! function defined on [0, 00) x [0,00), D > 0 is a positive number. We assume
H(u,v) satisfies the following conditions.

(A1) H(u,v) >0 on (0,1) x (0,1), H(0,1) = H(1,0) = 0.

The particular feature we are interested in is the existence and non-existence of traveling waves connecting
the two equilibrium points (u,v) = (0,1) and (u,v) = (1,0). Let u(x,t) = u(z), v(z,t) = v(z), with
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z=ux —ct, ¢> 0, we arrive at the traveling wave problem: (u,v) is a positive solution of

u”(z) + cu'(z2) — H(u,v) =0, —o0 <z < 00,
Dv"(2) + ev'(2) + H(u,v) =0, —o0 <z < o0,

(TW) lim(u(z),0(2)) = (0,1),  lim (u(2),v(2)) = (1,0), (1.2)
m ) = lip Vi) =0,

where the positive constant c is the wave speed.

Many important phenomena in applications such as isothermal diffusion, population dynamics, bio-
reactors and chemical reactions can be modeled by a system of the form as in (1.1). Since we are only
interested in developing a mathematical theory on traveling waves, we refer the interested reader to [1-10]
for the modeling aspects.

The main purpose of this work is to demonstrate that a number of special cases being studied in the
literature can be united into a general case with minimum assumption on the nonlinearity H, thus revealing
that results established for special cases are valid for more general systems. Moreover, we study some new
systems which are totally different from what appears in the literature.

It is clear by adding the two equations in (TW) that u”(2) + Dv”(2) + ¢(v/(2) + v'(2)) = 0, and by
integration on (—oo, z),

uw'(2) + Dv'(2) + c(u(z) + v(z) — 1) = 0. (1.3)
In particular, if D = 1, we obtain that u(z) + v(z) = 1 and the problem reduces to a single equation
v"(2) + eV’ (2) + F(v) =0, (1.4)

where F(v) = H(1 —v,v) > 0 on (0,1), F(0) = F(1) = 0, and F’(0) > 0 > F'(1). By classical theory,
see [11,12,10], there is a minimum speed ¢; > 0 such that traveling wave exists for any ¢ > ¢;.

One important aspect of our approach is to link the general case of D > 0 to the special case of D =1
using comparison argument, where previous studies of (TW) with general H fail to explore.

The present paper concentrates on two classes of nonlinearity H with two very different behavior about
(0,1): (i) H,(0,1) > 0 but H,(0,1) = 0 and (ii) H(u,v) ~ u*v® with «, 3 > 1. The case of H,(0,1) >0
and H,(0,1) = 0 put previous works in the literature on the case of H(u,v) = wv™ with n > 1 and
H(u,v) = uww™/(1 4+ u) (see [2,13]) into a more general framework. The case where both H,(0,1) = 0 and
H,(0,1) = 0 is completely different and unknown. Our study of the case of H(u,v) ~ u®v® with o, 8 > 1
reveals some very interesting phenomena.

Theorem 1. Let D > 1. Suppose H(u,v) is a C? function which satisfies the following conditions:

(i) Assumption (A1), and H,(0,1) >0 and H,(0,1) =0;
(if) H(u,v) < Hy(0,1)u, H(u,v) is an increasing function of w on (0,D), for any v € (0,1) fized, and
H(au,v) < dgaH (u,v) on (0,1) x (0,1) for any 0 < a < D, where A\g > 0 is a fixzed number;
(iii) X (e)TMX(c) <0 for any ¢ > 0, where M is the Hessian matriz of H at (0,1) and

9 2
Xle) = <c+ c2+4Hu(0,1)> » ~ Hu(0,1)

Then, there exists a unique traveling wave (up to translation) for any

Do

Ji-0-5)

c>c
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where

4H 1
L=y|1+ 7“(02’ ),
)\001

On the other hand, there exists no traveling wave when

c < \/501.

Remark 1. It is clear from Theorem 1 that the minimum speed is of order v/D when D > 1, and the result,
which is qualitatively similar to the case of H(u,v) = uv, holds for very wide class of functions H (u, v). The
key assumption is H(u,v) < H,(0,1)u which corresponds directly to F'(v) < F’(0)v for the single equation
(1.4), a condition that characterizes the KPP-type of nonlinearity of F'. Nevertheless, our result follows from
extensive analysis rather than directly from the linearized system at the equilibrium points. Furthermore,
as the following result shows, the case of D < 1 has very different property and more detailed information
on H is called upon.

Theorem 2. Let 0 < D < 1. Suppose H(u,v) is a C* function which satisfies the following conditions:

(i) Assumption (A1), and H,(0,1) > 0 and H,(0,1) =0;
(ii) H(u,v) is an increasing function of u on (0, D), for any v € (0,1) fized;
(iii) Aguv™ < H(u,v) < Azuv™ on (0,1) x (0,1) with n > 1, 0 < Ay < As.

Then, there exists a unique traveling wave for any
.S 4D\
- vV 4>\3D + >\2
if n>2 and
4D\/ )\3 (Tl - 1) 8D)\3 )\3
¢ > max , , W= ——,
V1+4D(n—1) /(2Dw — 1)2 + 4Dw? + 2Dw? + 1 — 2Dw A2(n—1)

if 1 <n < 2. On the other hand, there exists no traveling wave when

c < \/EDcl,

where 01 = Ao/ s.

Remark 2. It is clear from Theorem 2 that the minimum speed is of order D when D < 1, and the result
depends on more detailed information on H than that of Theorem 1. It will also be clear from the proof of
Theorem 2 that if H(u,v) =~ uv, then a result similar to that of Theorem 1 holds when 0 < D < 1.
We note that assumptions (ii) and (iii) in Theorem 2 imply
H(eu,v) > 61eH(u,v) on (0,1) x (0,1), Ve € (0,1), (1.5)
where 01 = Ag/A3. This fact will be used in the proof of Theorem 2.

We also study a degenerate case with H (u,v) modeled after u®v?® with o, 8 > 1. The detailed assumptions
are as follows.

(B1) H,(0,1) = H,(0,1) =0, H € C7([0,00) x [0,00)) with 0 < v < 1;
(B2) there exists A; > 0, such that
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(B3) H(u,v) is increasing in u on (0, max(1, D)), Vv € (0, 1) fixed;
(B4) there exist A3 > A2 > 0, o, 3 > 1 such that

Aouv? < H(u,v) < Asu®vP.

Denote the constants
(a+ B —1)*+h1

M= 1p)p

>1, M, =M/s.

Theorem 3. Let D > 1. Suppose H satisfies (A1) and (B1)—-(B4). There exists a unique traveling wave with
speed c if

(a)

> 1a < )1/2 D — Mll/(a—l)

C max -
- N Y o 1/2
(0= nr/eD — )

when D > Mll/(afl), where N > 0 is the solution to

1
=
1

N(N + 1)) =
C

(b) ¢ > ¢, D@tV/2 yhen D < Mll/(afl).

On the other hand, there exists no traveling wave if ¢ < cyvV D.

Theorem 4. Let 0 < D <1, a > 1, § > 2. Suppose H satisfies (A1) and (B1)—(B4). There exists a unique
traveling wave with speed c if
e 4DX3\/ .
VA2 +4arsD
But, if ¢ < c; D@D/ there exists no traveling wave.
The organization of the paper is as follows. In Section 2, we derive some basic properties of the solutions,

laying a foundation for more substantial results. In Section 3, we treat the case of H,(0,1) = 0, but
H,(0,1) > 0. In Section 4, we study the case H(u,v) ~ u®v” with o, 3 > 1.

2. Basic results
First, we collect some easy facts whose proof can be found in many works, for example [2].

Proposition 1. Let (u,v) be a traveling wave solution of (1.1) with H satisfying (Al). Then,

(i) ' > 0> on (—o0,0),

(i) u+v <1, but u+ Dv > D on (—o0,00), if 0 < D < 1,
(iii) u+v > 1, but u+ Dv < D on (—o0,00), if D > 1,
(iv) e = [T H(u(z),v(2)) dz.
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Next, let w = v’, and use (1.3) to replace the 1st equation in (TW), we have

/
u =

/
v =

¢(l —u—v) — Duw,
w, (2.1)

;1
w ——5(cw+H(u,v)).

The linearized system at (0, 1,0) is

1
w = ) (cw + Hy(0,1)u+ Hy(0,1)v).

The matrix A of the linearized system at (0, 1,0) has characteristic polynomial

fw) = vl - Al=(v+c) <v2+lc)v+ HU(DO’1)> - Hugvl)

(c+ Dv).

If H,(0,1) = 0, the three eigenvalues are

ct /2 +4H,(0,1)
V2’3 = — B .

c
vy = D
If H,(0,1) =0,

c++/c?—4DH,(0,1)
2D '
It is clear that if H,(0,1) = H,(0,1) = 0, one of the eigenvalues is zero.
In general, assuming H,(0,1) > 0 > H,(0,1).

vy = —¢, Vg3 = —

tr(A) = —c — % <0,  det(A) = % (H,(0,1) — H,(0,1)) > 0.

Hence, there exists a positive root. Furthermore,

H,(0,1)

atv=—c, f(v)= ——p5 (%

atu:—%, F(v) = —H,(0,1) (%—c) <0(>0) ifD>1(D<1).

fc>>0(<0) ifD>1(D<1)

Therefore, there exist two negative real roots and one positive real root.
At the other end, the matrix B of linearized system at (1,0,0) has a characteristic polynomial
c HU(1,0)> H,(1,0)

gv)=Ww+c) <u2—|—Du+ D I

(c+ Dv).

It follows that

tr(B) = —c — % <0,  det(B) = % (H,(1,0) — H,(1,0)) <0

since H,(1,0) <0, H,(1,0)>0.
One clear case for which all eigenvalues are explicit is D = 1, where

+ /2 + 4H,(1,0) — 4H,(1,0
b= e, vag——C V2 +4H,(1,0) (1,0)

2

Another is H,(1,0) = 0, where

¢+ /2 —4DH,(1,0)

V1 = —¢C, V23 = — oD .
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It is like the KPP case when H,(1,0) > 0, which necessitates ¢ > 2v/DH,(1,0) for the existence of traveling
wave.

For general case, it is clear that there is no positive real eigenvalue since g(0) > 0 and ¢'(v) > 0 for
all v > 0. It is also easy to verify that there is a negative real eigenvalue between min(—¢, —c/D) and
max(—c, —c/D). Furthermore, by the expression of ¢r(B), if ¥ = 0 is not a root, either there exists a
conjugate pair with negative real parts, or two more negative real roots.

Now, we turn to Eq. (1.4) for the special case of D = 1 for more details. It is clear that F'(v) = H(1—v,v)
satisfies F'(0) = F(1) = 0 and F(v) > 0 on (0,1). In addition, F'(0) > 0 and F’(1) < 0. By classical theory,
there exists ¢; > 0 such that traveling wave exists for every ¢ > ¢;. By a simple substitution, S(y) = 1 —v(2),
y = cz, the equation becomes

1
Syy + Sy = C—zH(S,l—S),

or by using S as an independent variable, and denote P(S) = S,,

1
PID'—i-P:—QH(S,I—S)7 S € (0,1), (2.3)
c
which we shall use as a reference case for comparison argument.
For our traveling wave problem, let s=1—v, ¢ = %, y=%, 0= %, then

D? D D?

— Uz, Sy = ?82, Syy Syz.

@
Using the second equation of (TW) and (1.3), we have the system

D 2
Syy + 8y = gH (DQ(y)a 1- S(iy)) )

qy = 0*(sy + s) — Dq.

Since s, > 0, we use s as the independent variable which enables us to reduce the above third order system
to second order. Let R = s,, Q = g, we obtain the working system, which is equivalent to (TW),

RQ' = ¢*(R+ s) — DQ, Vs € (0,1),
(D{ RR'+R= gH <CD2Q, 1-— s) , Vs € (0,1), (2.4)
Q(s) > Q(0) =0, R(s) > R(0) =0, Vse (0,1).

(u,v) is a traveling wave to (1.1) if R(1) = 0.
3. The case of H,(0,1) > 0, H,(0,1) =0

In this section, we study the case H,(0,1) > 0, H,(0,1) = 0 which signifies non-degeneracy of equilibrium
point (0,1). By our analysis in Section 2 there is one dimensional unstable manifold which is the unique
path followed by the traveling wave coming out of (0,1). In addition, we have the following result.

Lemma 1. Let D > 0 and o > 0, (I) has a unique solution on (0,1) with the property

R(s) = us + O(s?%), Q(s) = Ws +0(s%) as s\, 0, (3.5)

where p = (—D + /D% + 402H,(0,1))/2 is the positive root of u?> + Du — 0>H,(0,1) = 0. Moreover,
Q'(s) >0 on (0,1) and (Q, R) is a traveling wave iff R(1) =0.
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Proof. Since the procedure is similar to that of Lemma 2.2 in [2], we shall just give a outline of proof. The
existence of a solution with the asymptotic behavior (3.5) for 0 < s < 1 can be obtained by classical theory
and simple computation. In addition, it can be proved that a solution can be extended as long as R(s) > 0,
and it can be shown in sequence Q(s) > 0 before R(s) becomes zero, R(s)(therefore Q(s)) > 0 on (0,1).
Next,

R (02(R+ s) — DQ)/ =-D (02(R+ s)—DQ) + D?ZzH <;§Q, 1-— s)

and

p(p+1)
H,(0,1)

pp+ 1)

0?(R+s) = H,.(0 1)8
u I

(u+ D)s > DQ(s) ~ D

for 0 < s < 1. Grownwall’s inequality then yields 0?(R(s) + s) — DQ(s) > 0 on (0,1). Hence,
Q'(s) >0, Q(s) < D™'0*(R(s) +s) on (0,1).

It is obvious (R + s)’ > 0 and @ grows at most linearly in s, and thus H(Qc?>/D,1 — s) is uniformly
bounded on (0,1). This shows both lim, ~; Q(s) and lim, ~; R(s) are finite. The rest follows from Lemma
22in 2. O

In what follows, we show Theorem 1 by a sequence of lemmas.

Lemma 2. Suppose D > 1 and XTMX < 0, where X = (Q'(0)c?/D,—1)T and M the Hessian matriz of
H(u,v) at (0,1) and H(u,v) < Hy,(0,1)u on (0,D) x (0,1), then

1
Q(s) < %s, R(s) < us on (0,1).
Proof. First we show that for 0 < s <« 1.

Q(s) ~ M1t D

- Hu(071)8+£182’ R(S) %MS—F&QSQ

with &1, & < 0. Denote G(s) = B H(c?Q(s)/D,1 — s), computation demonstrates that

2
D
G'(0) = H,(0,1)Q’(0), G"(0) = C—ZXTMX + 2H,,(0,1)&;.
Hence, for 0 < s < 1, we get from the second equation of (I),
/ 2 2 1D 7 2
RR' + R~ p(p+1)s + 3+ 1)&s” = pu(p + 1)s + Hy(0,1)615" + 50—2X MXs*,

and consequently,

(314 )6 — Ha(0, 1)1 = 3 5 XTMX. (3.6)

Similarly, using the first equation of (I), we have

plp+1)Y, _ pD-1)
- Hu(0,1)>€2 T H0,1) (37

(2n+ D)& = <02
Substituting (3.7) into (3.6) yields

Ha(0,1) (3 + 1) (20 + D) — (D — 1)) &3 = %CBQXTMX 2+ D) <0.
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This gives &1, & < 0. The rest is a standard argument, see Lemma 3.2 of [2]. In particular,
D
R(R—pus) = —(1+p)R+ C—QH(CQQ(S)/D, 1—35)

= (U4 W)(R — ps) — pliu+ Vs + S H(EQs)/D,1 )
—(1 4+ p) (R —ps) — p(p+1)s + Q(s)Hy(0,1)

—(1+ p)(R = ps),

by H(u,v) < H,(0,1)u. This proves the lemma. O

IAIA

Corollary 1. Suppose H satisfies the assumptions of Lemma 2, and in addition, it is an increasing function
of u on (0,D) for every v € (0,1) fixred and for 0 < e < D,

H(eu,v) < MpeH(u,v) on (0,1) x (0,1), (3.8)

where Ao > 0 is a fixred number. Then, there exists traveling wave when

plp+1) 1

HU(O, ].) - )\06%’

that is, when

Do
c 2 &1 1 ’
1 —
Ji-0-5)
where
I_ 4H,(0, 1).
)\06%
Proof. By Lemma 2, Q(s) < I‘;(:L(gll))s, and by (3.8),
D (c p(p+1)
—H | —= 1-— < Ao——H(s,1—25).
c2 (DQ(S)v S) = >\0 Hu(07 1) (Sv 5)

It is clear by simple comparison with (2.3) that when

plpt+1) 1
H,(0,1) = Aoc?’

proving the corollary. [

Lemma 3. Suppose D > 1 and H(u,v) is an increasing function of u on (0,D), Yv € (0,1) fized. Then,
DQ(s) > o%s on (0,1) and consequently, there exists no traveling wave when ¢ < v/De;.

Proof. Since Q(s) = o?s on (0,1) when D = 1, we consider only the case of D > 1. If D > 1,
R[DQ — 0%s] = —D[DQ — o*s] + (D — 1)6*R > —D[DQ — 0?s] on (0,1)
and, when 0 < s < 1,

_ Dp(u+1)

2 2
H,(0.1) s+ 0(s%) > o°s.

DQ(s)

By Grownwall’s inequality, we obtain DQ(s) > o2s on (0,1). By Lemma 2, Q(s) < o and consequently,
*Q(s)/D < D on (0,1). Since H(u,v) is an increasing function of u on (0, D), for any v € (0,1) fixed, it
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follows that
2

D c D
/ _
By direct comparison, when D/c? > 1/c2, that is, when ¢ < v/ Decy, there exists no traveling wave. [

Remark 3. If we replace the condition in Lemma 3 that “H(u,v) is an increasing function of v on (0, D),
Yo € (0,1) fixed” by

H(au,v) > AaH(u,v) for any 1 <o < D on (0,1) x (0,1)
for some A > 0, then the non-existence result of Lemma 3 can be modified to

There exists no traveling wave for ¢ < vV ADc;.

Proof of Theorem 1. The theorem follows directly from Lemmas 1-3. O

Now, we turn out attention to D < 1.

Lemma 4. Suppose 0 < D < 1, H(u,v) is an increasing function of w on (0,1), Vv € (0,1) fized, and has
the property that Ve € [0, 1],
H(es,1—s) > 601eH(s,1 —s) on [0,1],

where 01 > 0 is a number. Then,

2

0?5 < Q(s) < %3.

Consequently, there exists no traveling wave if ¢ < /01 Dcy.

Proof. It follows from Lemma 1 that for 0 < s < 1,

Q(s) = %8 + 0(5%) > o?s.

In addition,
R[Q — 0%s] = 0*(R+s) — DQ — ¢*R
= -D(Q —0*s) +0*(1 — D)s
> —D(Q — o%s), on (0,1)
and Gronwall’s inequality gives Q(s) > o2s on (0,1). An argument similar to the one in Lemma 3 yields
Q(s) < o?s/D on (0,1). Consequently,

D 2 D D?
R'R+R= c—2H (CDQ(S),l —s) > C—2H(Ds,1 —8) > 910—2H(s,1 —3).

Hence, it follows from simple comparison that there exists no traveling wave when ¢ < /61 Dc¢;. O

Lemma 5. Suppose 0 < D < 1, H(u,v) > Asuv™ with n > 1 on (0,1) x (0,1), where Ay > 0, then
Q(s)(1 = 8)™? < n(R(s) +5) on (0,1)

for any

_ =D+ +/D? 4+ 4X30?
= o .

n=m
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Proof. We only need to show the inequality for 1 > 1. It is easy to verify that the inequality holds when
0 < s < 1 since 1 > u/Hy,(0,1). Furthermore,

R[(1 —5)""Q(s) — n(R(s) +s)/

= (1= 9" 20 (R(e) + 5) ~ DQUs) - 51 -2 PQuIR() - 22 H (G015

< (1= 8)"?(c*(R+5) — DQ) — nAa(1 — s)"Q  (by our assumption H (u,v) > Aguv™)
[=D = nha(1 = 9)"?[(1 = 8)"2Q = (R + 5)] + (R + )[(1 = 5)"/*(6® = 1" A2) — Dy
[=D = nha(1 = 9)"?[(1 = $)"*Q — n(R + 5)].

IN

The lemma follows from Gronwall’s inequality. O

Remark 4. If Ao = H,(0,1), then the lemma is valid for any 1 > %.

Lemma 6. Suppose the assumption of Lemma 5 holds and
H(u,v) < Azuv™  on (0,1) x (0,1),

for some A3 > 0 and n > 2. Then, there exists a traveling wave if Agm < 1/4.

Proof. We show R(1) = 0 directly. Let n > n;.

R(2R — s(1 —5))' = 2RR’ — R(1 — 2s)

02

—2R — R(1 —2s) + i—?H (DQ(S), 1-— s)

—R(3 —25) +2X3Q(s)(1 — s)"

= (2R —-s(1—9)) <s - g + Agn(1 — 5)”/2>

IA

+s(l—s) (s — g +2X3n(1 — 8)"D/2 4 \gn(1 — 8)”/2)

< @R-s(1-9) (s 5 + a1 o)

if s— 2 +2X3m(1—5)"=D/2 4+ Agn(1—5)"/2 < 0 on (0,1). It is easy to verify that if A3y < 1/4, the inequality
holds. This proves the lemma. [

The case of 0 < D < 1 and 1 < n < 2 needs more elaborate argument mainly because the result of
Lemma 5 is not sufficient for us to show existence of traveling wave.

Lemma 7. Let 0 < D < 1,1 <n <2 and assume
Aouv™ < H(u,v) < Azuv™  on (0,1) x (0,1), Az > Ay >0,
then
. —D+4+/D?>+4)302
(1) Q(s) > n(R(s) +s), ¥V <112 = V5220 on (0,1);

(ii) R(s) —0s < 0, Y0 > A3ny on (0,1), where 1y is defined in Lemma 5; and
(iii) Q(s) >ms on [0,1], where T = (A3 + 1)o?/(m A3 + D).
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Since H,(0,1) < A3, n2 < pu/H,(0,1), (i) holds for 0 < s < 1.
D 2
RIQ =R +3)) = o*(R+5) - DQ - Tt (G Qs 1- )

02(R +5)—DQ —nA3(1—35)"Q
[—D —nA3(1 = 9)"][Q = (R +5)] + (R+s) (—=Dn —°A3(1 = 5)" + 0?)
[=D —nA3(1 = 9)"][Q —n(R + 5)].

AV AVARRLY,

This proves (i).

For (ii), again, it is clear that the inequality holds for 0 < s < 1. Furthermore,

R[R—0s] = —(1+0)R + gH (C;Q(s), 1- s)
< —(1+0)R+mA3(R+5)(1—s)"? (by Lemma 5)
< [R— 6] (-(1 +0) +mAs(l— s)"/2) + (14 60)s(—0 + mAs(1 — 5)"/2)

< [R= 03] (~(1+0) +mAg(1 = 5)"/2).

A standard Grownwall’s inequality implies (ii).

11

The proof of the last statement proceeds in a similar way. For any 6 > n; A3, let n = (6 + 1)02/(0 + D).

R[Q —ns]' = 0*(R+s) — DQ —nR
= —D[Q —ns] + (6* = n)(R — 0s) + (—Dn +02(0+1) — 977) s
> —D[Q —ns].

This, plus the obvious fact that Q(s) —ns > 0 for 0 < s < 1, shows Q(s) —ns > 0 on [0, 1]. Let 8 — 1 A3,

we get

the desired result. 0O

Lemma 8. Suppose the assumptions of Lemma 7 hold. Then,

on [0,1

R(s) 2 damas(L—s)"  Q(s)(1—s)" "' <E(R+3)
|, where

o2
§ = max <(n - 1)ng, )‘2772(”1)+D) .

Proof. For any 7 < 12, R(s) > Aans(1 — s)™ > 0 when 0 < s < 1. In addition, for v > 0,

R[R

AVARLVS

>

—vs(1—s)"

“R-v(1-s)"R+ =
V( S) +c2 D

—R—v(1—=35)"R+ XQ(s)(1 —s)"

—R—v(1—38)"R+ Xan(R+s)(1—s)"

—(I4+ =21 =9)") (R—vs(1—5)")+s(1—5)" (—v—1*(1—8)" 4+ Aan(1 — 5)" + Aan)
1+ = am) (1L 8 (R—ws(1— 8)"),

DH (CQQ(S), 1-— s) +nvs(l—s)""'R

n (0,1), if v < Agn. Thus, R(s) > Aens(1 — s)™ on [0,1], and upon taking a limit 17 — 79 the first result is

proved.
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The second result follows the same procedure as in Lemma 5, but we use the first result to get this refined
bound. For £ > 0,

R((1—s)"'Q - &R +s))

=(1—=8)"""(0*(R+s)—DQ)— (n—1)(1—5)" QR — iDH(DQ(s),l—s)

<(1—=98)""1(oe*(R+s)—DQ) — (n—1)Aamas(l — 8)*"72Q — EXQ(1 — 5)"
= (=D = (n=1hame(1 = 5)" " = (1= 9)) (1 - )"'Q - &(R +9))
+(RA+s)(1—5)""" (0% = DE(L =)' 7" — (n— DAamp€s — E2a(1 — 5)°7") .
It is easy to see that £2Xo(1 — 5)27" > (n — 1)Aan2€(1 — 8), when € > (n — 1)1, and
DE(L — 8)'™" + (n — 1) Aama€s + E Aol — 8)2" > o2

The result then follows from Grownwall’s inequality. [

Proof of Theorem 2. The non-existence part is proved in Lemma 4. The existence for n > 2 follows directly
from Lemma 6. We show the existence for 1 < n < 2 using Lemmas 7 and 8. For n > 0,
D 2

R(R—ns(1-5)) = R+ H (;Q(s), 1- s) — (1 - 25)R
R+ (1 25)) + AaQ(s)(1 — )"
—R(1+n(1—25)) + A36(R+5)(1 —s) (by Lemma 8)
= (R—ns(1—5)) (=1 =n(1 —2s) + \3&(1 — 5))
+ns(1 — s) (—1 —n(1—2s) + A3&(1 —s) + ff)

< (R=ns(1 - ) (~1 = (L - 28) + Aa€(1 - 9))

<
<

if
L(s) = —1—n(1—2s)+ X3€(1 —s)+%§ <0 on[0,1]
for some 7 > A3€. It is possible when \3¢ < 1/4. This proves the theorem. [
4. The degenerate case
In this section, we shall treat a special class of functions H(u,v) with the property that H,(0,1) =
H,(0,1) = 0 as well as H,(1,0) = H,(1,0) = 0. In particular, we shall study first H(u,v) = u®v® with

a, 3> 1, then a more general situation later. Notice that the function is not C? at either (0,1) or (1,0) if
l1<a, <2

4.1. H(u,v) = u*v? with o, 8> 1

The system (I) now takes the form

RQ' = d*(R+s) — DQ, Vs € (0,1),
2\ a—1
(I) § RR' + R = (Z) Q(s)(1—s)?,  Vse(0,1), (4.9)

Q(s) > Q(0) =0, R(s) > R(0) =0, Vse(0,1).

The main results on (II) are the following theorems.
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Theorem 5. Suppose D > 1, a, B > 1. There exists a unique traveling wave with speed c if

(a)

¢ > ma; (D)1/2 D - M)
= X NT )
N ((D —1)(MV/(a=1) — 1))1/2

when D > MY(@=1 where N > 0 is the solution to

(a+B—1)+o
(@ =1)*=1(B)?

NN+ =1/ and M = > 1;

(b) ¢ > ¢; D@tD/2 yhen D < MY/ (@1,

On the other hand, there exists no traveling wave if ¢ < c;v D.

Theorem 6. Suppose 0 < D <1, a>1 and B > 2. There exists a unique traveling wave with speed c if

4D/«
> Y - 4.10
~ V1+4+4aD ( )

But, there exists no traveling wave if ¢ < ¢;D@+1/2,

Recall that for H(u,v) = u®v® with o, B > 1, the three eigenvalues at the equilibrium point (0, 1,0) of
(2.1) are

V= —c, V=—— v=0.
A type of center manifold argument, see [14-16] shows there is a unique positive solution coming out of

(0,1,0), whose asymptotic behavior we describe in more detail in what follows.

Lemma 9. There is a unique solution (Q(s), R(s)) of (II) on (0,1) with the property that

2  DMD-1 2
Q(s) = s+ ¥Sa, R(s) = %SO‘ + pus? as s\, 0,

where

( ﬁ o+ 1) if a> 2,

( _C4’3> if()é:2,

( ab 1> ifl<a<?2.
Furthermore, Q'(s) > 0, R(s) > 0 on (0,1), and it is a traveling wave iff R(1) = 0.

Proof. The asymptotic behavior as s \, 0 is by elementary computation, the rest follows from the same line
of argument as in the proof of Lemma 1, which we omit the details. [

Remark 5. For the constant M which appears in Theorem 5, it is easy to verify that the function s®~1(1—s)”
has a maximum value M ~! on [0, 1].
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Lemma 10. Let D > 1. Let (Q(s), R(s)) be a solution of (II) on (0,1), then

o2
(i) ok <Q(s) <o?*s on (0,1);
(if) Q(s) < A(1+N)s, R(s) <As on (0,1),

where
\ ﬂ is the positive root of (1 +\) = o2, if D < MY(@=1,
“\_p + \/52 + 402 solves A(D + ) = 02’ if D> MY (=) gna 52 < %,
with

D*(D — 1)(MY/(e=1) 1)
(D _ Ml/(a—l))Q

2o =

Proof. (i) is a routine calculation. For (ii), simple computation shows

R(Q — M1+ \)s)
=0*(R+s)—DQ - X1+ MR

=-D(@Q—-AX1+N)s)+ (62 =AML+ N))(R—As) + (1 4+ N)s(o? = AD — \?) (4.11)
and
C2 a—1
R(R—Xs) = (14+\R+ (D> Q*(s)(1 —s)P
02 a—1
= —(1+N(R—Xs) = A1+ N)s+ (D) Q*(s)(1 — s)°. (4.12)

Case I D < M'Y(@=1)_ With the choice of A, we have both inequalities valid for 0 < s < 1. Moreover, if
R(s) — As < 0 holds on (0, sg) with 0 < sg < 1, R(s) — As =0 at so,

R(Q—=X1+X)s) + D(Q— X1+ )\)s) <0 on the same interval,

by (4.11). This implies Q(s) — A(1 + A)s < 0 holds on (0, sg]. Consequently,

R(R—Xs) < —(1+A)(R—As) = A1+ N)s + (A1 + N)s)® <C;>a_ (1—s)?

< —(1T+AN(R-Xs) + A1+ N)s (—1 + A1+ A)) (ﬁ) h M—1>

< —(1+A)(R—As) on (0,sg].

We reach a contradiction. Similarly, Q(s) — A(1 + A\)s cannot be zero at any point so € (0,1). This means
both inequalities must hold on (0,1).

Case II: D > M'/(@=1 Tt is easy to check that 0 < Yy is equivalent to A(1 +\)D < oM/ (@1 and

consequently,
0_2 11—«
(—1 + (A1 + At (D) M1> < 0.

Repeating the same argument as in Case I, we prove the lemma.
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Proof of Theorem 5. The non-existence part is standard. By using

2 D
Q(s) =
there exists no traveling wave if

GG

which is exactly ¢ < ¢;v/D. For the existence part, we treat 1 < D < M*/(@=1 and D > M/ (@=1) separately.
If 1 < D < MY simply use Q(s) < o2s, we have

2\ a—1 D
/ < < (=
e rrs(G)
There existence of traveling wave if

: >2a s (1 —s)P = <W> s%(1 —s)P.
(%)=

c2

»—Qw‘ =

< c>

e DEAD/2,
For D > MY(=1) first we note

(D _ Ml/(ozfl))
cz

(D = D/ 1))
is the same as 02 < X. Second, 02/D < N yields

AMI4X) =0 — (D—1)A 2<1 20 -1 ><(N+1)”2
=0 — — =0 - —.
D+ VD2 +402) —
This is because vV D? + 402 < D + 202 /D and therefore
2(D —1) (D—1) 11+N 1
1-—= ) )<1-— =— <(N+1)—=.
( D+\/m> D+02/D D1+5*( )D
By comparison, there exists a traveling wave if

0_2 l—« 0_2 @
— N +1)¢
(5) @+ (5)
which is the same as

1
=,
€1

D\ /2
c> <N> =VDey(N4+1)7%2. O
In what follows we treat the case of 0 < D < 1.

Lemma 11. Let 0 < D < 1. Let (Q(s), R(s)) be a solution of (II) on (0,1), then on (0,1),

2
s < Q(s) < %s, (i) R(s) — %sa <0,
2
< +1
(iii) Q(s) > 7s, where = 61; o2,
< +D

Proof. (i) is obvious. We proceed to prove (ii). For n > 0,
1 02 a—1
(Rls) = ns) = =1+ (D) Q*()(1 - )? — s

15
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It follows from Lemma 9 that for n = ¢%/D, the inequality holds for 0 < s < 1. If R(s) — %so‘ =0 at
2

s =89 >0, and R(s) — ‘%30‘ < 0on (0,sp), then (R(s) — %sa)’ > 0 at the point. But, since Q(s) < %s,

o .\ o? 1
(R(s) - Dsa) <—1+(1-5)P— 50[50‘7 <0, ats=sq,

a contradiction. This shows (ii) is valid.

For (iii), we can proceed exactly as in Lemma 7 by using (ii). The lemma is proved. O
Lemma 12. Let 0 < D < 1 and (Q(s), R(s)) be a solution of (II) on (0,1). Then, on (0,1),

(i) Q(s) > n(R(s) + ),V n < (=D +VD?+40?)/2,
(if) (1—5)%2Q(s) = n(R(s) +5) <0 if

20 (%) D
>n3 = ,
T=1=0D +Va?2D? + 4dao?
(iii) R(s) —6s <0, where § = 2a0?/(aD + Va2D? + 4ac?).

(4.13)

Proof. (i) can be proved by using the same procedure as in Lemma 7, applying the fact that Q(s) < o%s/D.
We omit the details. The proof of (ii) is similar to that of Lemma 5.

I = R[(1-5)%2Q%(s) — n(R(s) + s)]’

— 0@\ (s)(1 - )*2(0*(R(s) + 5) — DQ(s)) — 2 <1s><“>/2cz“<s>R<s>n() QM1 8

2

(—aD (- )" (D)> (1= 9772Q%(s) = n(R() + )

IN

+(R+s) (aza(l —5)%2Q1(s) — n?(1 — 5)P/2 (ﬁ)a — aDn)

IA

(—aD a(8) e s)ﬁ“) (1= 9772Q%(s) ~ n(B +5))

when 7 satisfies (4.13). Taking into account of a > 1 and Lemma 9, this shows (ii).

We now turn to (iii).

02

5) @wa-
< —(1+0)R+0O(R+s)(1—5)2 (by (i)
- (_(1 +0)+0(1— 3)5/2> (R — 0s) + 0s (—(1 +0)+ (0 +1)(1 —s)ﬁ/Q)

R(R - 0s) = —(1+6)R + (

< (—(1 +0)+0(1— 5)5/2) (R — 05).

By using Lemma 9, we get the result by a standard argument. [

Proof of Theorem 6. The non-existence follows directly from Q(s) > o%s. For the existence, we show there
exists n > 0 such that R(s) —ns(1 —s) < 0on (0,1) when 0 < 1/4, which is exactly (4.10).

(R—ns(1—3s)) = 71+%

(2)" @ a9 s
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< —140(1—9)%2 4001 S)M% — (1= s) +ns.
At the point where R(s) —ns(1—s) =0,
0
(R—ns(1—s)) < —14+60(1—5)"2+ E(l —5)B=2/2 _ (1 —25) <0

with an appropriate choice of 1, Vs € (0, 1), which is possible if § < 1/4. Hence, R(s) — ns(1 —s) < 0 on
(0,1). O

4.2. The general case

Now, we study the general case and prove Theorems 3 and 4.

We shall use, in various places, in addition to (Al), one or all of the assumptions (B1)-(B4) as listed in
Section 1.
Recall the constant My = M /A3, where

(a+pB—1)+ot
(a =1 157

M =

Since the line of argument is very much similar to that of Lemmas 9-12, we shall only state the main
technical lemmas and omit the detailed demonstration.

Lemma 13. Suppose D > 0 and H satisfies (A1), (B1) and (B2). Then, there is a unique solution (Q(s), R(s))
of (I) on (0,1). Moreover, it has the property that

Q)= Ts+ols), R =240 o) assN\0.

In addition, Q'(s) >0, R(s) >0 on (0,1), and it is a traveling wave iff R(1) = 0.

Lemma 14. Let D > 1 and H satisfies assumptions (A1), (B1)—-(B3). Then, a solution (Q(s), R(s)) of (I) on
(0,1) has the property that

(i) %s <Q(s) <a*s on (0,1);
(i) Q(s) < A(1+ N)s, R(s) < As on (0,1),

where
- ﬂ is the positive root of \(1+ ) =02, if D < Mll/(a_l)v
— W solves A(D + ) = o2, if D>M"™ and o® < 5,
with

D*(D —1)(M;" "V — 1)
(D _ Mll/(a—l))2 ’

o=

Proof of Theorem 3. It follows directly from Lemmas 13 and 14 using the familiar procedure as in
Theorem 5. [
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Lemma 15. Suppose 0 < D < 1 and H satisfies (Al), (B1)—(B4). Let (Q(s), R(s)) be a solution of (I) on
(0,1), then on (0,1),

N9 o? . o?

(i) o7s < Q(s) < o (i) R(s) — )\3530‘ < 05
M1,

iii s) >7ns wheren = ———0". O

(iif) Q(s) > 7 Ul vrany;

Lemma 16. Let 0 < D < 1 and H satisfies (Al), (B1)—(B4). Let (Q(s), R(s)) be a solution of (I) on (0,1).
Then, on (0,1),

(i) Q(s) > n(R(s) +5),Vn < (=D ++/D? +4X302)/2)3
(i) (1—5)2Q(s) — n(R(s) +s) <0 if

«
20 (%) DX
n=n3= Sy >
aD + va2D? 4+ 4also
(iii) R(s) —0s <0, where § = 2aX302/(aD + /a2D? + dady0?).

(4.14)

Proof of Theorem 4. It follows directly from Lemmas 15 and 16 using the familiar procedure as in
Theorem 6. O
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