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A general compartmental model for cholera is formulated that incorporates two pathways of transmis-
sion, namely direct and indirect via contaminated water. Non-linear incidence, multiple stages of infec-
tion and multiple states of the pathogen are included, thus the model includes and extends cholera
models in the literature. The model is analyzed by determining a basic reproduction number R, and

proving, by using Lyapunov functions and a graph-theoretic result based on Kirchhoff's Matrix Tree The-
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orem, that it determines a sharp threshold. If Ry < 1, then cholera dies out; whereas if R, > 1, then the
disease tends to a unique endemic equilibrium. When input and death are neglected, the model is used to
determine a final size equation or inequality, and simulations illustrate how assumptions on cholera
transmission affect the final size of an epidemic.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

Cholera and other waterborne diseases can be transmitted
directly to humans by person-to-person contact or indirectly to hu-
mans via contaminated water. Cholera, which is a bacterial disease
caused by the bacterium Vibrio cholerae, is a diarrheal disease that
can, if untreated, lead to death. It is endemic in some regions (e.g.,
the Bay of Bengal [20]), but manifests as an epidemic outbreak in
other regions (e.g., the Haiti outbreak in 2010 [1,41] and the out-
break starting in 2008 in Zimbabwe [31]). For more information
about cholera and its occurrence, we refer the reader to [15]. Sev-
eral models for this disease that take account of its two transmis-
sion pathways have been proposed and analyzed; see, for example,
[1,5,7,9,14,19,31,38-41]. These models differ from each other in
some aspects. Experimental studies suggest that a relatively high
level of pathogen is needed to develop cholera [34], and thus sat-
urating incidence is normally assumed for the indirect transmis-
sion [7,14,38,39], while mass action incidence is also seen in the
literature (e.g., [9,40,41]). Laboratory studies also suggest that
the infectivity of Vibrio cholerae existing outside the host decays
in time, and thus cholera models with hyperinfectious and low-
er-infectious states of the pathogen have been studied (e.g., see
[1,14]). For the direct transmission due to person-to-person
contact, the differential infectivity of infectious individuals can
be modeled using multiple infection stages [40]; the resulting
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models are usually called multi-stage models or stage progression
models.

In this paper a general compartmental ordinary differential
equation model for the transmission of cholera is proposed that
incorporates both direct and indirect transmission, non-linear inci-
dence, multiple infectious states of the pathogen, and multiple
infection stages of infectious individuals. General forms for direct
and indirect transmission include both mass action and saturating
incidence. Heterogeneity in infectious host individuals and in the
pathogen are included in terms of arbitrary numbers of stages of
infectious individuals and states of the pathogen, respectively.
Our model contains earlier cholera models in [7,14,31,38-40] as
special cases, and our analysis also incorporates and extends many
of the previous results. Specifically, the basic reproduction number
Ry is determined and proved to be a sharp threshold for the model
with recruitment and death: if Ry < 1, then the disease-free equi-
librium is globally asymptotically stable, and cholera dies out; if
Ro > 1, then the disease-free equilibrium is unstable, a unique
endemic equilibrium is globally asymptotically stable, and the
disease persists at a positive level. As is the case for many other
complex epidemic models, proving the global stability of the
endemic equilibrium imposes significant mathematical challenges.
For example, global stability of the endemic equilibrium has been
established for only a few cholera models using various methods
such as monotone dynamical systems, the geometric approach,
and the method of Lyapunov functions (see [38-40]), while such
global stability results are missing for other cholera models (e.g.,
the hyperinfectivity model in [14] and the stage progression
model in [40]). In addition, some global stability proofs (see [31,
Supporting Information] and [39, Theorem 4.13]) apply a constant
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matrix result to a non-constant matrix; see Section 7 for further
discussion. Here we successfully apply the graph-theoretic
approach recently developed in [12,13,27] to construct a Lyapunov
function for our cholera model and thus prove the global stability
of the endemic equilibrium. Hence, for the first time, we
completely establish the global dynamics for models in [14,40]
and also provide a unified proof for the global stability results in
[31,38-40].

The paper is organized as follows. In Section 2 we formulate our
model including recruitment and death, then in Section 3 we con-
sider equilibria and calculate the basic reproduction number R,.
The next two sections determine global stability in the case
Ro < 1 (Section 4) and Ro > 1 (Section 5). For our model without
recruitment and death, in Section 6 we consider the final size of
a cholera epidemic. We conclude in Section 7 with a discussion.

2. Model formulation

The total population is divided into n + 2 compartments: a sus-
ceptible compartment, n infectious compartments representing
different infection stages [40], and a removed compartment, with
the number of individuals in each compartment given by S, I;
1 <i< n,and R, respectively. These letters are also used to identify
the compartment. A stage I; can be interpreted as a latent stage if
the infectivity of individuals in I; is assumed to be zero. For cholera,
the incubation period ranges from a few hours to 5 days, usually 2-
3 days [15], although the latent compartment is normally ne-
glected in other models cited above. The contaminated water is
categorized into m levels [14], with the pathogen concentration
given by By, 1 < k < m. Pathogen shed from infectious individuals
in each infection stage enter B;, then progress to B, and so on.
For cholera disease, the infectivity of B, normally decreases as m
increases [14]. Susceptible individuals can be infected either by
contacting infectious individuals (direct transmission) or by
ingesting contaminated water (indirect transmission). All newly
infected individuals first enter the stage I, then I; and so on; see
Fig. 1 for the flow diagram of this model. The incidence function
is assumed to be of the form

ZfJSI Z (S, B)),

where f; and g, represent direct transmission and indirect transmis-
sion, respectively. In the literature, functions f; and g take different

Zf(S 1 )+Zg, S.8) —

ds (d+a)l, I:

|
|
|

(L)

forms, such as mass action incidence ¢(x,y)=pxy and saturating
incidence ¢(x,y) = /SxK%y; see Table 1. Infectious individuals I; are
assumed to contaminate the water by shedding the pathogen at a
rate h(I;) per unit of pathogen concentration. In the literature, it is
usually assumed that h; is linear; see Table 1. Our analysis applies
to the functions in Table 1 and others that satisfy the assumptions
introduced below.

Based on the above assumptions and ignoring the removed
individuals R (since R does not influence the dynamics of the other
variables), a general cholera model can be formulated as the fol-
lowing system of n+m + 1 ordinary differential equations:

——A ZfSI Z (S, B;) — dS,

az n
=1 Zﬁszj Z (S, By) — (d + 7y + o),

d; . 2.1)

E:VI;]IF] *(d+7j+°(i)1i7 1227.4.,n,
B =30 - 0

dB,

T;:ak—lBlf—l 76’<Bk7 k:27"'7m7

with non-negative initial conditions S(0), I;(0), Bi(0) > 0 for all

1<i<n,1<k<m. The removed individuals satisfy

Table 1
Special cases of model (2.1).
(n,m) fiS,I) 2(S,B) h(I) Reference
(1,1) 0 ot &l Codeco [7]
Tian et al. [38]
1) 0 S¢(B)? ¢l Tian and Wang [39]
1) BSI Iéi% él Tian and Wang [39]
Mukandavire et al. [31]
(1,1) BSI JSB h(I)® Tian and Wang [39]
(1,1) BSI /SB él Tien and Earn [40]
(n,1) BiSI; JSB &l Tien and Earn [40]
(1,2) 0 }é:iﬂﬂkk ¢l Hartley et al. [14]
a ¢I>O’¢H<O.
"B >0 h<O0.
P Yalu
B g Iu—l
(d+ar2)1 i (d+a, ), i (d+a)1 ldR
| |
| |
Ih, () I k(1)

Fig. 1. The transfer diagram for model (2.1).
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% =7,In —dR (2.2)
with R(0) > 0. Here A>0 represents the constant recruitment
d >0 denotes the natural mortality rate, o; > 0, 1 <i<n, repre-
sents the mortality rate due to the disease in the lth infection
stage, 7;>0, 1 <i<n -1, represents the transition rate of infec-
tious individuals from stage I; to Ii.1, y, > O represents the recovery
rate of I, 6,>0, 1<k <m—1, represents the transition rate of
pathogen from By to By.q, and 6, > O represents the removal rate
of B.

Functions f;, g, and h; are assumed to be sufficiently smooth
so that solutions to (2.1) with non-negative initial conditions
exist and are unique. For biological considerations, we
are interested in non-negative solutions. Hence, we make the
following biologically motivated assumptions throughout the
paper.

(H1) fi(S,1;) =

(H2) gi(S,Bk) =
1<k<m

(H3) h{(l;) > 0 and h(0)=0forall; > 0,1 <i<n.

(H4) There exists some index i, 1<i<n, such that function h;
satisfies hy(I;) > O for all I; > 0.

0 and f(S,0)=f(0,I;)=0forall S, I; > 0,1 <i<n.
>0 and g(S,0)=g(0,B,)=0 for all S, Bk>o,

Assumptions (H;)-(Hs) ensure that solutions of (2.1) starting
with non-negative initial conditions stay non-negative for all
t>0. Assumption (H;) allows the possibility of f;=0 for some
infection stage, which can be interpreted as latent or quarantined.
If all f; = 0, then direct transmission is ignored. Assumptions (Hs)-
(H,4) allow the possibility of h; = 0 for some infection stage in which
infectious individuals do not shed pathogen into the environment
probably due to incubation or isolation, while assumption (Hy) is
required to ensure involvement of the pathogen in the disease
transmission.

Adding the first n + 1 equations of (2.1) gives

d
(St A

dt( +In)<A—d(S+Il+"'+1n)7

which implies that

g\:>

lim sup(S(t) + I (t) +

t—o0

4+ In(1) <

Let H; = max,le[o‘g]h,‘(l,ﬂ) and H = Y} ,H;. It follows from the (n + 2)th
equation of (2.1) that &
Thus from the last equation of (2.1), limsup,_ Bx(t)
1 < k < m. Therefore, the feasible region

< H - §:B; and thus limsup,__ B (t) < g
< % for all

:{(S,ll,...,ln,B,,...,Bm)ERT"”‘\S+I]+...+1u<ﬂ

H
Be<Z k=1,...m},
a k o k , m}

is positively invariant with respect to model (2.1).

3. Equilibria and the basic reproduction number

It follows from assumptions (H;)-(Hs) that model (2.1) always
admits a disease-free equilibrium (DFE) Pg = (So,0,...,0) in I", where
So = 4. Furthermore, by (H,), Py is the unique equilibrium that lies
on the boundary of I'. A positive equilibrium of (2.1), if one exists,
is called an endemic equilibrium, and denoted by

=(§.L,....I;,B;,....B;,). Here S".I},....I} B >0 satisfy

the following equilibrium equations:

lvm

A= zn:jj- (s*,I;) n zm:gj(s*,s;) —ds’,
= =
=5l )
e =
3,.

wli =il =2,
n

1B, = Zhj(lj),
=

s %
0By, = ok-1By_y,

(3.1)

k=2,3,....m

where p;=d+7y;+2;>0,1<i<n
The following assumptions are introduced to define the basic
reproduction number for the system (2.1).

(Hs) lim,_o- 5% — p. > 0 for all 1 <
(Hg) lim,_q: &% = g, > 0 for all 1 <k<m
(H7) lim,_q: M nod =rp>0forall1<ig<n

Using (Hq)-(Hs), it can be easily verified that p; = ;Lf,?(so, 0),
q = 2 £(So,0),1; = hi(0) if f;, g, h; are differentiable. 1

We assume that new infections occur only in the I; compart-
ment. Define two (n +m) x (n+m) matrices

D o Pn 44 o On

o - -0
F=

0 0
and

()

with bidiagonal

H
N e
U= ) )
:un—l
—Vn-1 :un
T T s Ty Ty
0 0
R =
0 - 0
and bidiagonal
01
—01 0
D= —03
Om-1
_5m—1 6m

The dimensions of U, R and D are n x n, m x n and m x m, respec-
tively. Notice that both U and D have the Z-sign pattern, that is,
non-positive off-diagonal entries. It can be verified that both U
and D are non-singular M-matrices [3, p.137], and thus U™! > 0,
D' > 0. In fact, the (i,j) entries of U~! and D! satisfy



Z. Shuai, P. van den Driessche / Mathematical Biosciences 234 (2011) 118-126 121

y1_J0 1<ig<nlgi<j<n,
[/ th
vy . . .
1 gign, 1<j<ign
Hk:j”k
and
i la Tsisism,
v 0 1<i<j<m,

respectively. As a consequence,

Ut 0
.
Vo= (DlRul D1> >0

and thus V is a non-singular M-matrix. Following [8,42], the basic
reproduction number R, is defined as the spectral radius of matrix
FV~1, that is,

Ro = p(FV")

and the DFE of (2.1) is locally asymptotically stable if Ry <1,
whereas it is unstable if Ry > 1. Since F has rank 1, straightforward
calculation gives

RO:&+p2V1+...+pnyl""yn—l
W iy My

qq qm 5!
T L
<b1 5m><ﬂ1

Each term involving p; arises from direct transmission and is multi-
plied by the probability of reaching I; (before dying) and the average
time spent in that compartment. Each term involving g, arises from
indirect transmission and is multiplied by the average time in By
and the sum of the probabilities of surviving to each infectious stage
times the rate of pathogen shedding from that stage. This expres-
sion for Ry generalizes that in [14, Eq. (4)] and those in [40, Egs.
(7) and (A.7)].

V1 ’yn—l)_ (32)
R O

4. Global dynamics when R, 1

To establish the global stability of the disease-free equilibrium,
we further make several biologically reasonable assumptions on
the disease transmission terms. Assume that

(A1) fi(S.1;) < fi(So. 1)) < pili for all 0 < S < Sp, [ = 0 and 1 <i < m;

(A2) 8(S,Bk) < 8k(So.Br) < qiBx for all 0<S<So, Bx >0 and
1<k<m;

(A3) hl(Il) <ril; for all ;=0 and 1 <ign.

(A4) There exists either some index i, 1 < i < n, such that function
fi satisfies fi(S,I;) < fi(So,I;) for all 0 <S<Sy, I;>0, or some
index k, 1<k<m, such that function g, satisfies
gk(S,Bk) < gk(SOka) for all 0 < S< Sy, B> 0.

Assumptions (A1), (A2) and (A4) hold for incidence functions that
are monotone increasing in both variables and concave down in
the second variable, including those commonly used in the litera-
ture, such as mass action and saturating incidence. Assumption
(A3) holds if function h is monotone increasing and concave down.
It can be verified that all functions used in Table 1 satisfy assump-
tions (A;)-(As).

Theorem 4.1. Suppose that assumptions (H;)-(H;) hold. Then the
following conclusions hold for system (2.1).

(1) If Ro < 1 and (A;)-(As3) hold, then the DFE is globally asymptot-
ically stable in I'.

(2) If Ro = 1 and (A;)-(A4) hold, then the DFE is globally asymptot-
ically stable in I

(3) If Ro > 1, then the DFE is unstable and system (2.1) is uni-
formly persistent.

Proof. Motivated by Guo and Li [11], let (wyq,...,Wpm) =
(P1,-- PG --,qm)"V-'. Since V- > 0, it follows that w; > 0 for
all 1 <j<n+m. Notice that w; = Ry < 1. Construct a Lyapunov
function

L:W111 +"‘+Wnln +Wn+]Bl +"‘+Wn+mBm- (41)
Differentiating L along solutions of (2.1) and using (A;)-(A3) yields

dL

I=

=W <ij(57 L) + Zgj(s7 Bj)) - ijﬂjlj
j=1 j=1 j=1

(2.1

n n m m
Y Wl W DO hi) =Y Wal B + ) Waiidj By
= =

= =
n m n n

<wy (Z pili + Z quj> - ijﬂjlj + ZWJ‘V]71IJ—1
= = = 2

n m m
+ Wpiq Z T'jIj — Z Wnﬂ‘é}‘Bj + Z Wn+j5j,1Bj,1

Jj=1 j=1 j=2
:W](pl"">pn7q] "‘>qm)T(11"-'71naBl7"'7Bm)

_(W1,~-~7Wn+m)TV(117~~~JmBls-vam)

:W](p17"'7pn7q] "'7qm)T(117"'7IH7B17"-7BH1)

_(p17'~~apn7q1 '"’qm)T(Ih"':ImBlv'"aBm)

=w -1) (ijlj + quBJ) <0, ifRe<1. 4.2)
j=1 j=1

If Ry <1, L' = 0 implies that >}, p;l; + 3" q;B; = 0, by (4.2). It
follows that Z;-I:]j}(s, )+ z}’;gj(s, Bj) =0, which implies
§'=A—dSandI; = —u,I; by the first two equations of (2.1). Hence,
the invariant set where L' =0 satisfies S = S, :% and I, = 0. Simi-
larly, the remaining equations of (2.1) give L=---=1,=0,
By=---=B,,=0. That is, the largest invariant set where L' =0 is
the singleton {Po}. By LaSalle’s Invariance Principle [25], Py is glob-
ally asymptotically stable in I if Rg < 1.

If Ro=w; =1, I'=0 implies that f{(S,I;) = fi(So,I;) = pil; and
21(S,By) = (S0, Bx) = qiB for all 1 < i< n, 1 < k < m. It follows from
assumption (A4) that S=5y or I;=B, =0 for all i, k. Substituting
S=Sp into the first equation of (2.1) gives Z}‘:]ﬁ(& L)+
zj';g,-(s, B;j) = 0. Thus, as in the case Ry < 1, the largest invariant
set where L'=0 is the singleton {Py}, and thus by LaSalle’s
Invariance Principle [25], Py is globally asymptotically stable in I”
if Ro =1.

If Ro > 1, then by continuity, L' > 0 in a neighborhood of Py in
the interior of I', denoted by 7 Solutions in 1: sufficiently close
to Py move away from Py, implying that Py is unstable. Using a
uniform persistence result from [10] and an argument as in the
Proof of Proposition 3.3 of [26], it can be shown that,
when Ry >1, instability of Py implies uniform persistence of
(2.1). O

Uniform persistence of (2.1) and the positive invariance of the
compact set I imply the existence of an equilibrium of (2.1) in f
(see Theorem D.3 in [37] or Theorem 2.8.6 in [4]).
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Proposition 4.2. Suppose that assumptions (H;)-(H7) hold. If Ry > 1,
then there exists at least one endemic equilibrium for system (2.1).

5. Global dynamics when Ry > 1

By Proposition 4.2, an endemic equilibrium
P =(s.n,....I,B],....B;,) exists. Here S, I7,....I;,B;,..., By, are
positive and satlsfy the equilibrium equations (3.1). In this section,
we prove the uniqueness and global stability of P*.

Assume that

(By) there exists a function @ : (0,So] — R, such that

(S—S)P(S)— B(S) >0, 0<S<Sy, S#S (5.1)
FS,I)o(S) fi(S ) @(S)ki

(f,»(S*,I,-*)(I)(S) l) (1 fi(S 1) ®( *)ﬁ) <0
0<S<Sy, >0, 1<i<n (5.2)

and

8(S,B)@(S") _ &(S",B)P(S)By
(awﬁmmﬁ Q(j ( )<Q
0<S<So,

B.>0, 1<k<m, (5.3)

(By) forall ;>0,1<i<n,

hi(I;) ( h; (I*)I,~>
—-1(1- -] <0. 54
(h,»(l;‘) XA G4
Most functions f;, gk, and h; that are commonly used in the literature,

including those given in Table 1, satisfy the above assumptions
(5.1)-(5.4).

Define the non-negative (n+m)x (n+m) weight matrix
W =(wy) as

5(s05) i=1, 1<j<n
g(S.By) i=1, j=n+k 1<k<m,
y T <ign, j=i-1,
Wij: ))1—111—1 z\l\n/ ] 1 ], (55)
hj(l;f) i=n+1, 1<j<n,
k1B, i=n+k, 2<k<m j=i-1,
0 otherwise.

Note that if g,,(S",B;,) >0 and h,(I;) >0 then W is irreducible.
The global stability of the endemic equilibrium is established in
the following result. The proof utilizes global Lyapunov functions
that are motivated by the work in [21-24] and the graph-
theoretic approach for the large-scale systems recently developed
in [12,13,27].

Theorem 5.1. Suppose that assumptions (H;)-(H7) hold. Assume that
W is irreducible and (B;)-(B>) hold. If Ry > 1, then system (2.1) has a
unique endemic equilibrium P* that is globally asymptotically stable in
o

I~

Proof. For system (2.1), consider the following Lyapunov function

Sd(E)-d(S) - T "
V=c1/s' WdHch =L ~1Ing +chﬂ B-B; Bln

Jj=1 J Jj=1

(5.6)

Here ¢;>0, j=1,...,n+m, are constants to be specified later.
Differentiating V along solutions of (2.1) and using the equilibrium
equations (3.1) to simplify gives

LAVl
M ”O 35
o) [SLaS)

. RN
o(S) fj(S*,I]*><I>(S) I f(S I

n

+a ) fi(S) (2—

=
. g o(S")  g(S.B)P(S) I g(S.B)h

+ s'.B e

Clzg’< )< P g(s B )os) h gj(s*,B;)11>
* I L

+Zc,yj N ( IJ’I’J]]I’]H)

~( By B BB
+ Cn Zh (1 ) (h,j(é) B_lihjj(lj.*)E; +1>

. B',] B; Bj—lB):k
+ Cnij0j1B 4 | 2ot — o L4+1). (5.7)
1:22 n+j0j ]1(Bj] Bj Bj,lBj
Notice that, by (5.1),
()
(S —S)(l — @(S)) <0 (5.8)

with equality holding if and only if S = §*. Let ©(x) := 1 — x + Inx, for
X € (0,00). Using (5.2) and the property that ©(x) < 0 with ©(x)=0
if and only if x =1, gives

(S) f(51 $) L fSHL

:ﬂﬂﬂﬁWllﬁﬁﬁﬂ%
5(s5) @) FS @6

(S) [N _ﬁ(5*~1;)@(s)1j_[i+ﬁ

PO fi(sa)n AEHESI L

o) [ FShL GEE)RSN o5 b
@<¢(s))+@<f(szz;)11)+@<fj(s,1 )B(SI; *, 1“1* 1*““1*

+3-

<
il
Lo
<g-In F_FH T' (5.9)

e

Similarly, it follows from (5.3) that
o), &EBPS) L &S Bk

_<&Eﬂﬂﬂ_0<]&@*?<ww
g (S B))@(S)

8(S.B)9(S)B;
5)) | o BB ) | o (505 B)?O8
+@<<1>(S)) +@(gj(s*,3;),1> +@(g,(s B)®(S)B;

2 —

B B L L

+2 _In-—+In—

BB I, L
Iy I

B*‘§*F I

(5.10)
and from (5.4) that
<>757 S (1B, :(mw>1)0
b)) Brom()B (1)
hy(I,)B; MY b L B
o) < (inr) 4ok
;B . B
7—1 < ——=+In

o 1* B} B

(1)l

My (1;)1,)

(5.11)

Also
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Ij%l—lfi—ljfﬂ—i-l:@ I’:]I; —1—1][]—ln11[1—171+1n171
Ij—] Ij Ij—llf Ij—llf j—1 ijl Ij Ij

Ii_4 I I

<It —d4Ind

I* In I* Ij*+ln1; (5.12)
and similarly,
Bj_1 Bj B];]B; Bj_1 B‘_] B B;
- 1< —In— - +In. (5.13)
B, B BB B, By B B
Let

{Il 1<ign
Xi = .
B, i=n+k, 1<k<m

Combining (5.7)-(5.13) and using the notation of x; and w;; defined
in (5.5) gives

X] X1
<c w — +In—
! Z u < ns X x§>

J )
n+m
X1 X1
Ta ZWU< X**+ln*>
Am A\ TS T
Xi_1 X X;
ZCJWHI —InZL S pd
X, x Xt
) )
X X X X
+ Cni1 ZWnH.j *j* - ln*i - :H +In ZH
j=1 Xj Xj Xn+l Xn+l
n+m
Xi_1 X X;
J ] ]
+ > qgw 1( lnx‘* —}?+ln;>
j=n+2 -1 J-1 J J
n+m
_Zc,w,j J 1nf7j+1n . (5.14)
“— x XX X;

To show that V' <0, choose constants ¢;>0 such that (5.14)
vanishes. Let (G, W) be the weighted digraph (see Appendix A) with
the weight matrix W as given in (5.5). Let ¢; = >°;.; w(T) be as
given in (A.1). Since W is irreducible, it follows that ¢; > 0 for all i.
Identity (A.2) from Appendix A yields

n+m X; Xl
quy ——lnx* X—*-s—ln)? =
ij=1 j i i

Therefore, V' <0 for all (S,I4,...,In,Bs,...,
V' =0 implies that for some constant 4> 0,

S=S, Ii=JiI,... l,=i, B =B, ..

Bm) € f Furthermore,

Bn = /B,

using properties of ®(x) and strong connectivity of the weighted
graph (G,A). Substituting these relations into the first two equations
of (2.1) yields

0=A—dS — pu,iI,.

By the first two equations of (3.1), this last equation holds only at
2 =1, namely at P*. Therefore, the only invariant set in the set
{V' =0} is the singleton {P*}. By LaSalle’s Invariance Principle [25],
P* is globally asymptotically stable in f As a consequence, P* is also
unique. O

In the special case that fi(S,I;)=¢(SW(l;) and g(S,B)
= ¢(S)pr(Bk), choose @&(S)= ¢(S) in assumption (B;), then condi-
tions (5.2) and (5.3) become

((h) - w,-(l,f»(M-%) <o,

I,‘ I,' > 07

1<ig<n

and

(080 - 0u(5)) (242 - 2)) <o g0 1<kam
k
(5.16)

Therefore, assumptions (B1)-(B;) hold if ¢(S), (L), @«(B), hi(l;) are
increasing and “",' , "’kgfk) M) are decreasing functions. It can be
verified that all functions llsted in Table 1 satisfy these assump-
tions, and thus our global stability result holds for those models.
The endemic equilibrium P* can be found explicitly if n=m=1,
with mass action incidence functions f(S,I) = gSI and g(S,B) = /SB,
and a linear function h(I) = &I with B, 4, & positive constants [40].

In this case, when Ry = SO +2£5>1, system 2.1) admits an en-
S

—(S*,I*,B*), where §* =3 [ = "5% and
B* =<, Theorem 5.1 shows that P* is unique and globally asymp-
totically stable, as also shown in [40, Proposition 3].

demic equilibrium P*

6. Final size of an epidemic

In the absence of recruitment and death, model (2.1)and (2.2) can
be applied to estimate the final size of a cholera epidemic. In this
section, assume that A=d=0o; =0, fi(S,I;) = piSI;, and hy(I;) = &;, for
all 1 < i< n. The indirect transmission g(S, By) is assumed to be in
the form of mass action [40] or saturating incidence [7,14,31], that
is, either g(S,Bx)= ASBk, or g(S,Bx) = /lkSK v K, >0, for all
1 < k < m. Without loss of generality, assume that the total popula-
tion N=S+ Y1 ,l; + R= 1. The following lemma can be proved
similarly as the proof of Lemma 2 in [40]; biologically, it means that
disease outbreaks eventually “burn out” in the absence of birth and
death.

Lemma 6.1. Assume that all the above assumptions hold. Then,
Ii(t) - 0, Bi(t) > O forall 1<i<n, 1<k<m,ast— oo.

6.1. Mass action

Assume that gi(S, Bx) = 44SBy for all 1 < k < m. The basic repro-
duction number Ry, as defined in (3.2), becomes

Ro=Pry ey +ﬁ”+(51+---+§—"’> <é+---+é>. (6.1)

AT ) Y 71 Tn
Let
e:' &-‘r Zl:éj . zm:ﬁ 1<i<n
1 — - ,y - 5} ) =< <
j=1 1] j=1 1] j=1
and

Notice that e, = Ro. Following [29,40], set

Q= lnS+Ze] 1 +enR+Ze, (6.2)

j=1

It can be verified that the derivative of Q along the model (2.1) and
(2.2) vanishes. Hence, using Lemma 6.1, it follows that

+Zej [;1(0

In the case that a small number of infectives or pathogen is initially
introduced, that is, S(0)~ 1, I{0)~ 0, 1 <i<n, R(0)~ 0, B(0)~0,
1 <k <m, the final size of an epidemic satisfies the following
relation

m

) +exR(0) + > €B;(0).
j=1

InS(c0) + eyR(c0) = InS(0
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1 — R(00) = exp(—RoR(c0)). (6.3)

This relation agrees those in [29,40]. An explicit solution in terms of
the Lambert function for (6.3) can be found in [29, Appendix A].
6.2. Saturating incidence

Assume that g, (S, By) = ),k5ﬁ7 Ky > 0, for all 1 < k < m. This
indirect incidence is an attempt to model, in a continuous way,
the fact that a relatively high level of pathogen is needed to devel-
op cholera; see [19] for a discontinuous g used to model this fact.
Then the basic reproduction number is given by (6.1) but with J
replaced by Ji Ky, 1 < k < m. Defining e; and €, as in Section 6.1
but with §; replaced by §,Kj, and taking Q as in (6.2), it can be ver-
ified that the derivative of Q along the model (2.1) and (2.2) is non-
negative. Hence,

n-1 m
InS(o0) + exR(00) > InS(0) + " elj;1(0) +eaR(0) + Y _ €B;(0).
j=1 j=1

In the case that a small number of infectives or pathogen is initially
introduced, the final size of an epidemic satisfies the following
inequality.

1 —R(c0) > exp(—RoR(c0)), (6.4)

giving an upper bound on the final size R(cc).
6.3. Simulations

From Sections 6.1 and 6.2, the final size of an epidemic may dif-
fer for mass action and saturating incidence. Numerical simulation
is employed to further investigate this difference created by inci-
dence functions. Consider the case when n =1 and m = 1. As the dif-
ference appears in the term of indirect transmission, assume g = 0,
that is, ignore direct transmission. Simulations in Fig. 2 use param-
eters for ), &, 6 as in [14] (with the time unit of 1 day) and take 4 and
K so that the basic reproduction number Ry = 2.7 is the same for
both incidence functions. These simulations show that mass action
creates a larger outbreak in the scales of the peak prevalence
max{I(t)}, the peak incidence max/{iS(t)B(t)} or max; ’ﬁ%‘fg) ,
and a slightly large outbreak size R(cc), while saturating incidence
leads to a slightly longer outbreak period T=min{t:I(t)< 103,
VvVt > t}; see Table 2. Solving (6.3) with Ry =27 yields
R(00) ~ 0.9156, which approximately agrees with the outbreak size
for mass action and provides an upper bound from (6.4) for the
outbreak size for saturating incidence (see Table 2).
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Simulations in Fig. 3 demonstrate the effect of direct/indirect
transmission and heterogeneous infection stages when R, is held
fixed. Consider the case when n=m =2 and indirect transmission
is in the form of saturating incidence. Infectivity of the hyperinfec-
tious state By (freshly shed pathogen) is assumed to be 700 times
the infectivity of the lower-infectious state B, (pathogen that have
stayed in the environment for a while) [14]. Curve 1 ignores direct
person-to-person transmission. Parameters for /;, K;, d;, &, 7; are ta-
ken from [14], giving Ro = 15.825. Person-to-person transmission
is included in Curve 2, but equal infectivity for individuals in I; and
I, is assumed (B = ). Parameter values for /; are reduced such
that direct and indirect transmission contribute equally and
Ro = 15.825 is held fixed. Curve 3 regards I; as a latent stage (indi-
viduals in this stage cannot directly infect susceptible individuals
but can shed pathogen into the environment) and keeps the equal
contribution towards Ry = 15.825 from direct and indirect trans-
mission. Simulations show that direct person-to-person transmis-
sion provides a fast route for cholera spread and produces a
higher peak in prevalence max,{l;(t)+ x(t)}. Heterogeneity in
infectious host individuals may decelerate the disease spread and
reduce the peak in prevalence.

7. Discussion

The model (2.1) proposed in this paper is a general compart-
mental model for the transmission of cholera as well as other
waterborne diseases. Model (2.1) incorporates both direct and
indirect transmission, non-linear incidence, multiple infectious
states of the pathogen, and multiple infection stages of infectious
individuals. The model can serve as a general framework for mod-
eling the spread and transmission of infectious diseases, specially
diseases with multiple transmission routes. For example, both di-
rect transmission among rabbits and indirect transmission via
free-living virus particles have been observed in the spread of rab-
bit calicivirus disease (RCD) [2].

Model (2.1) includes as special cases many cholera models in
the literature; see Table 1 for the summary. It can be easily verified
that our assumptions (H;)-(H7), (A1)-(A4), and (B;)-(B-) hold for all
models summarized in Table 1. Therefore, Theorems 4.1 and 5.1
extend the global stability results in [7,38-40] to our general mod-
el (2.1). Our results, for the first time, completely establish the glo-
bal dynamics of the cholera model with a hyperinfectivity state
[14], and also for the multi-stage model [40, Appendix].

The global stability results in [30, Theorem 4 in Supporting
Information] and [39, Theorem 4.13] are special cases of our Theo-
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Fig. 2. The outbreak of an epidemic using models with indirect transmission given by mass action or saturating incidence. Parameter values: =0,y =0.2, ¢ = 10, § = 1/30; for
mass action 4=0.18/100, giving R, = 2.7; for saturating incidence Z=0.18 and K = 100, giving R, = 2.7. Initial conditions: S(0) = 0.999, I(0) = 0.001, R(0) = B(0) = O for both

incidence functions.



Table 2

Summary of numerical results in Fig. 2.
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Mass action Saturating incidence

Difference® (%)

Outbreak size 0.9157 0.8968 -2.1
Peak prevalence 0.0451 0.0403 -10.6
Peak incidence 0.0091 0.0081 -11.0
Outbreak period (days) 344 350 +1.7

@ The difference is calculated by subtracting the mass action value from the
saturating incidence value and dividing by the mass action value.

0.8 T
N
1\ No direct transmission
0.7 A — — — Direct transmission with homogeneous stages |
1 \ IR il Direct transmission with heterogeneous stages
\
1
06 R
o
05 Cor
® o “ \
s o
T 04 1 \
S 1 \
@ I \
o ! '
. \
0.3 'l " v
1 \\ \
0.2 1 v
[y v
1 \ A
0.1 Iy NN
1)t N s
17 S ~s
o =
0 5 10 15 20 25 30 35 40
Time (days)

Fig. 3. The outbreak of an epidemic using model (2.1) with indirect transmission
given by saturating incidence. Parameter values: y; = 1/2, y, = 1/3, K» = 100, K; = K>/
700, & =¢&,=10, 6;=24/5 and J,=1/30. Curve 1 (no direct transmission):
B1=Pp2=0and /; =/, =0.18, giving Ry = 15.825. Curve 2 (direct transmission with
homogeneous infection stages): f;=p,=1.5825 and /;=/,=0.09, giving
Ro = 15.825. Curve 3 (direct transmission with heterogeneous infection stages):
p1=0, B>=2.6375 and /;=71,=0.09, giving Ro = 15.825. Initial conditions:
S(0)=0.999, I,(0) = 0.001, I,(0) = R(0) = B;(0) = B5(0) = 0 for all three cases.

rem 5.1. We note that the proofs of global stability of the endemic
equilibrium in [30, Theorem 4 in Supporting Information] and [39,
Theorem 4.13] are in doubt as the authors apply a constant matrix
result to a nonconstant matrix. For example, the matrix A defined
in [39, Eq. (4.16)] is Volterra-Lyapunov stable for each fixed pair
(I,B), that is, there exists a positive 3 x 3 diagonal matrix
M = M(I,B) = diag{m(I,B), mx(I,B), ms(I,B)} such that MA+A™M is
negative definite. As a consequence, Theorem 4.12 in [39] holds
for each fixed pair (I,B). However, since the positive coefficients
m;, 1<i<3, possibly depend on (I,B), the derivations in Egs.
(4.12), (4.13), (4.16) in [39] may fail. Indeed the counterexample
in [6] to the Markus-Yamabe conjecture has

-1 0 (X +%xx3)°
A=AX)=| —x; —1 —x3x3—2x1% |,
0 0 -1

and A is Volterra-Lyapunov stable for each fixed x = (x1,x2,x3); how-
ever, there does not exist a constant positive diagonal matrix M
such that MA + ATM is negative definite. Furthermore, there exists
a solution of dx/dt = Ax that tends to infinity as t tends to infinity
[6, Theorem 1.1].

Model (2.1) can also be regarded as a general virus dynamics
model to describe the in vivo infection process of many viruses
such as human immunodeficiency virus type I (HIV-I), hepatitis B
virus (HBV), hepatitis C virus (HCV), and human T-cell lymphotrop-
ic virus I (HTLV-I), see [33]. In this case, the total target cells are
divided into a healthy target cell compartment S, n infected target
cell compartments representing different infectious stages I;
1<i<n (see [21]), while the virions are categorized into m

compartments according to the level of infectivity (see [30]). In
particular, model (2.1) includes several virus dynamics models as
special cases, such as [21, Egs. (1.1) and (2.1)], [32, Eq. (1)] and
[36, Eq. (1)]. Theorems 4.1 and 5.1 extend the global stability re-
sults in [21,36] to the general virus dynamics model (2.1) with
non-linear incidence.

Stage progression (SP) models have been used in the literature to
model the transmission and spread of infectious diseases that have a
long infectious period and varying infectivity in time such as HIV/
AIDS, for example, see [11,16,35]. The incidence of SP models is usu-
ally assumed to be mass action. Ignoring indirect transmission, mod-
el (2.1) becomes an SP model with general incidence functions.
Global stability results Theorems 4.1 and 5.1 generalize those in
[11] for mass action to general incidence functions.

One of the hypotheses in model (2.1) is that individuals recov-
ering from cholera obtain permanent immunity, and thus model
(2.1) and (2.2) is of SIR type. SIRS-type cholera models, in which re-
moved individuals are assumed to lose immunity after a certain
time and become susceptible, have also been seen in the literature,
for example, see [1,9,20]. Model (2.1) and (2.2) can be easily mod-
ified to include temporary immunity and become an SIRS-type
model. For the modified SIRS-type cholera model, the basic repro-
duction number R, has the same expression as defined in (3.2); the
global stability of the disease free equilibrium can be proved in the
same way as the proof of Theorem 4.1 when R, < 1. Biologically,
the disease dies out if Ry < 1, and persists if Ry > 1. In the latter
case, the uniqueness and global stability of the endemic equilib-
rium for the modified SIRS-type cholera model remain open.

Since the general functions in (2.1) allows the possibility of
fi=0 or h; = 0 for some infection stage i, our model can be applied
to measure the effectiveness of disease control strategies such as
quarantine and isolation. Vaccination can be also incorporated into
(2.1) and other cholera models in [1,5,7,9,14,19,20,31,38-41] to as-
sist public health planning to control the disease, although social
and economic factors, which are not included in these models,
are important for control strategies, see [17,18,28].
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Appendix A. Combinatorial identity

Let (G,W) be a weighted digraph with N > 2 vertices, where
W =(wy) is the N x N weight matrix. Weight wj; is positive if the di-
rected arc(j,i) from vertex j to vertex i exists, otherwise w;; = 0. Let
T; be the set of all spanning trees of (G, W) rooted at vertex i. For
T € T;, the weight of 7, denoted by w(7), is the product of weights
on all arcs of 7. Let

=Yy wT), i=12,.. N

TeT;

(A1)

Then ¢; > 0, and for any family of functions {G; (x,-)}?’:], the following
identity holds

N N
> awGixi) = ciwyGj(x;). (A2)
ij=1 ij=1
If Wis irreducible, then ¢; > 0 fori=1,2,...,N. We refer the reader to
[27] for the proof of (A.2).
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