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Abstract

A Gallai coloring is a coloring of the edges of a complete graph without rainbow triangles,
and a Gallai k-coloring is a Gallai coloring that uses k colors. We study Ramsey-type problems
in Gallai colorings. Given an integer k > 1 and a graph H, the Gallai-Ramsey number GRy,(H)
is the least positive integer n such that every Gallai k-coloring of the complete graph on n
vertices contains a monochromatic copy of H. It turns out that GRy(H) is more well-behaved
than the classical Ramsey number Ry (H). However, finding exact values of GRy(H) is far
from trivial. In this paper, we study Gallai-Ramsey numbers of odd cycles. We prove that for
n € {4,5} and all k > 1, GRi(Cap11) = n-2¥ + 1. This new result provides partial evidence for
the first two open cases of the Triple Odd Cycle Conjecture of Bondy and Erdés from 1973. Our
technique relies heavily on the structural result of Gallai on Gallai colorings of complete graphs.
We believe the method we developed can be used to determine the exact values of GRy(Can41)
for all n > 6.
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1 Introduction

All graphs in this paper are finite and simple; that is, they have no loops or parallel edges. Given
a graph G and a set A C V(G), we use |G| to denote the number of vertices of G, and G[A] to
denote the subgraph of G obtained from G by deleting all vertices in V(G) \ A. A graph H is
an induced subgraph of G if H = G[A] for some A C V(G). We use K,, and C,, to denote the
complete graph and cycle on n vertices, respectively. For any positive integer k, we write [k] for
the set {1,2,...,k}. We use the convention “A :=" to mean that A is defined to be the right-hand
side of the relation.

Given an integer k£ > 1 and a graph H, the classical Ramsey number R(H) is the least integer
n such that every k-coloring of the edges of K, contains a monochromatic copy of H. Ramsey

numbers are notoriously difficult to compute in general. In this paper, we study Ramsey numbers
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of graphs in Gallai colorings, where a Gallai coloring is a coloring of the edges of a complete graph
without rainbow triangles (that is, a triangle with all its edges colored differently). Gallai colorings
naturally arise in several areas including: information theory [18]; the study of partially ordered
sets, as in Gallai’s original paper [12] (his result was restated in [15] in the terminology of graphs);
and the study of perfect graphs [4]. There are now a variety of papers which consider Ramsey-type
problems in Gallai colorings (see, e.g., [6, 10, 13, 14, 16, 3, 21, 22]). These works mainly focus on
finding various monochromatic subgraphs in such colorings. More information on this topic can be
found in [9, 11].

A Gallai k-coloring is a Gallai coloring that uses k colors. Given an integer kK > 1 and a
graph H, the Gallai-Ramsey number GRy(H) is the least integer n such that every Gallai k-
coloring of K, contains a monochromatic copy of H. Clearly, GRy(H) < Ry(H) for all k > 1 and
GR2(H) = Ro(H). In 2010, Gyéarfas, Sarkozy, Sebd and Selkow [14] proved the general behavior
of GRi(H).

Theorem 1.1 ([14]) Let H be a fized graph with no isolated vertices and let k > 1 be an integer.
Then GRy(H) is exponential in k if H is not bipartite, linear in k if H is bipartite but not a star,

and constant (does not depend on k) when H is a star.

It turns out that for some graphs H (e.g., when H = C3), GR;(H) behaves nicely, while the
order of magnitude of Ry (H ) seems hopelessly difficult to determine. It is worth noting that finding
exact values of GRy(H) is far from trivial, even when |H| is small. We will utilize the following

important structural result of Gallai [12] on Gallai colorings of complete graphs.

Theorem 1.2 ([12]) For any Gallai-coloring ¢ of a complete graph G, V(G) can be partitioned
into nonempty sets Vi,Va,...,V, with p > 1 so that at most two colors are used on the edges in
E(G)\ (E(V1)U---UE(V,)) and only one color is used on the edges between any fized pair (V;,V;)
under ¢, where E(V;) denotes the set of edges in G[V;] for all i € [p].

The partition given in Theorem 1.2 is a Gallai-partition of the complete graph G under c. Given
a Gallai-partition Vi, V5,..., V], of the complete graph G under ¢, let v; € Vj for all ¢ € [p] and
let R := G[{v1,v2,...,vp}]. Then R is the reduced graph of G corresponding to the given Gallai-
partition under c. Clearly, R is isomorphic to K. By Theorem 1.2, all edges in R are colored by
at most two colors under ¢. One can see that any monochromatic H in R under ¢ will result in
a monochromatic H in G under c¢. It is not surprising that Gallai-Ramsey numbers GRy(H) are
related to the classical Ramsey numbers Ro(H). Recently, Fox, Grinshpun and Pach posed the
following conjecture on GRy(H) when H is a complete graph.

Conjecture 1.3 ([9]) For all integers k> 1 and t > 3,

(Ro(K;) — 1)F/2 41 if k is even

GRy(K) = {(t —D)(Ro(K;) — 1)F D241 if k is odd.



The first case of Conjecture 1.3 follows from a result of Chung and Graham [6] in 1983. The next
open case when t = 4 was recently settled in [19]. In this paper, we study Gallai-Ramsey numbers
of odd cycles. Using the same construction given by Erdés, Faudree, Rousseau and Schelp in 1976
(see Section 2 in [8]) for classical Ramsey numbers of odd cycles, we see that GRy(Cayy1) > n-28+1
for all £ > 1 and n > 2. General upper bounds for G Ry (Cap+1) were first studied in [10] and later

improved in [16].
Theorem 1.4 ([16]) For allk >1 andn > 2,
n-2¥ +1 < GRL(Cany1) < (2873 — 3)n Inn.

Theorem 1.5 and Theorem 1.6 below determine the exact values of GRi(C3) and GRy(C5),

respectively. A simpler proof of Theorem 1.5 can be found in [14].

58/2 41 if k is even

Theorem 1.5 ([6]) For allk > 1, GR,(Cs) =
(6]) Forallk > 1, GR(C) {2-5<k—1>/2+1 if k is odd.

Theorem 1.6 ([10]) For all k > 1, GRy(Cs) = 2-2F 4 1.

Recently, Bruce and Song [3] considered the next step and determined the exact values of
GRy(C7) for all integers k > 1.

Theorem 1.7 ([3]) For every integer k > 1, GRy(C7) = 3-2F + 1.

We continue to study the Gallai-Ramsey numbers of odd cycles in this paper. We determine the
exact values of Gallai-Ramsey numbers of Cy and C1; in this paper by showing that the lower bound
in Theorem 1.4 is also the desired upper bound. That is, we prove that GRy(Cani1) < n-2F +1
for all integers n € {4,5} and k£ > 1. Jointly with Bosse and Zhang [2], we are currently working
on the Gallai-Ramsey numbers of C13 and C5, using the key ideas developed in this paper. We
believe the method we developed in this paper and [2] will be helpful in determining the exact

values of Gallai-Ramsey numbers of Co,+1 for all n > 8. Theorem 1.8 is our main result.

Theorem 1.8 For all integers n € {4,5} and k > 1, GRy(Copy1) = n - 28 + 1.

It is worth mentioning that Theorem 1.8 also provides partial evidence for the first two open
cases of the Triple Odd Cycle Conjecture due to Bondy and Erdds [1], which states that R3(Capy1) =
8n + 1 for all integers n > 2. Luczak [20] showed that R3(Ca,+1) = 8n + o(n), as n — oo, and
Kohayakawa, Simonovits and Skokan [17] announced a proof in 2005 that the Triple Odd Cycle
Conjecture holds when n is sufficiently large.

We shall make use of the following known results in the proof of Theorem 1.8.
Theorem 1.9 ([1]) For alln > 2, Ro(Capt1) = 4n + 1.

Proposition 1.10 ([5]) R2(Cy4) =6 and R2(Cs) = 8.



Finally, we need to introduce more notation. For positive integers n, k and a complete graph
G, let ¢ be any Gallai k-coloring of G with color classes E1,..., Er. Then c is bad if G contains
no monochromatic Ca,+1 under ¢. For any W C V(G) and any color ¢ € [k], E := E; N E(G[W])
is an induced matching in G[W] if E is a matching in G[W]. For two disjoint sets A, B C V(G),
A is mc-complete to B under the coloring c if all the edges between A and B in G are colored the
same color under ¢; and we simply say A is j-complete to B if all the edges between A and B in G
are colored by some color j € [k] under ¢; and A is blue-complete to B if all the edges between A
and B in G are colored blue under ¢. For convenience, we use A\ B to denote A — B; and A\ b to

denote A — {b} when B = {b}. We conclude this section with two useful lemmas.

Lemma 1.11 For all integers n > 3 and k > 1, let ¢ be a k-coloring of the edges of a complete
graph G on at least 2n+ 1 vertices. LetY,Z C V(Q) be two disjoint sets with |Y| > n and |Z| > n.
IfY is mc-complete, say blue-complete, to Z under the coloring ¢, then no vertex in V(G)\ (Y UZ)
is blue-complete to Y U Z in G. Moreover, if |Z| > n+ 1, then G[Z] has no blue edges. Similarly,
if [Y| > n+1, then G[Y] has no blue edges.

Proof. Suppose there exists a vertex = € V(G) \ (Y U Z) such that x is blue-complete to Y U Z
in G. Let Y = {y1,...,y, } and Z = {21,..., 2, }. We may further assume that 212 is colored
blue under c¢ if |Z| > n + 1 and G[Z] has a blue edge. We then obtain a blue Cs,11 with vertices
Y1, Ty 21, Y2, 22y« - -y Yn, 2n 10 order when |Y| > n,|Z| > n or vertices yi, 21, 22, Y2, 23, - - - » Yns Zn+1
in order when |Z| > n + 1 and G[Z] has a blue edge z;22, a contradiction. Thus no vertex in
V(G)\ (Y UZ) is blue-complete to Y U Z in G; and if |Z| > n + 1, then G[Z] has no blue edges.
Similarly, one can prove that if |Y'| > n + 1, then G[Y] has no blue edges. [ ]

Lemma 1.12 For all integers £ > 3 and n > 1, let ni,no,...,ng be positive integers such that
n; < n foralli € [f] and ny +na+---+mng > 2n+ 1. Then the complete multipartite graph
Ky no,...n, has a cycle of length 2n + 1.

Proof.  Let G := Ky, o, be an induced subgraph of Ky, n,.,...n, With >3, nf+nh+-+n, =
2n+ 1 and for all ¢ € [¢'], 1 < n, <n. Then §(G) > n+1 > |G|/2. By a well-known theorem of
Dirac [7], G has a Hamilton cycle, and so Ky, n,,.. n, has a cycle of length 2n + 1. [ |

2 Proof of Theorem 1.8

Let n € {4,5}. By the construction given by Erdés, Faudree, Rousseau and Schelp in 1976 (see
Section 2 in [8]) for classical Ramsey numbers of odd cycles, GRy(Ca,11) > n-2F 41 for all k > 1.
We next show that GRy,(Capny1) < n-2F+1 for all k > 1. This is trivially true for & = 1. By Theorem
1.9 and the fact that GR3(C2n11) = R2(C2,41), we may assume that £ > 3. Let G := K, ox 1 and



let ¢ be any Gallai k-coloring of G. We next show that G contains a monochromatic copy of Caj,41
under the coloring c.

Suppose that G does not contain any monochromatic Cs,, 1 under ¢. Then c is bad. Among all
complete graphs on n - 2F 4+ 1 vertices with a bad Gallai k-coloring, we choose G with & minimum.

We next prove a series of claims.

Claim 2.1 Let W C V(G) and let £ > 3 be an integer. Let xy,...,xp € V(G)\ W such that
{z1,...,2¢} is mc-complete, say blue-complete, to W under c¢. Let q € {0,1,...,k — 1} be the

number of colors, other than blue, missing on G[W] under c.
(i) If £ > n, then |W| <n-2k-1749,
(i) If £ =n —1, then |W| <n -2k 170 4 2,

(i) If ¢ =n —2, thenn =5 and |W| < 8- 2179 1,

Proof. The statement in each of (i), (ii) and (iii) is trivially true if [W| < max{2n+1—¢,n + 1}.
So we may assume that |[WW| > max{2n+1—/¢,n+1}. We may further assume that G[W] contains
at least one blue edge, else, by minimality of k, |W| < n - 257179 giving the result. Note that
g < k-1 1If g = k — 1, then all the edges of G[W] are colored only blue. Since {x1,...,z} is
blue-complete to W and |W| > max{2n + 1 — ¢,n + 1}, we see that G[W U {z1,...,x¢}] contains
a blue Cay,41, a contradiction. Thus ¢ < k — 2. Since |W| > n + 1 and G[W] contains at least
one blue edge, by Lemma 1.11, £ < n — 1. Let W* be a minimal set of vertices in W such that
G[W \ W*| has no blue edges. By minimality of k, |WW \ W*| < n - 2k-1-4,

We now consider the case when £ = n — 1. Then |W| > 2n+1—-/¢ = n+ 2. If GW]
contains three blue edges, say ujv1, u2vs9, uzvs, such that uy, uo, ug, v1, ve, vz are all distinct, then we
obtain a blue Cy,,41 with vertices 1, u1, v1, T2, u2,v2, 3, us, vs in order (when n = 4) and vertices
x1,u1, V1, X2, U2, V2, T3, U3, V3, T4, u in order (when n = 5, where u € W \ {uy, ug, us, v1,va,v3}), a
contradiction. Thus |[W*| < 2, and so |W| < n-2F177 2,

It remains to consider the case when 3 < ¢ <n —2. Thenn =5 and £ = n —2 = 3. Note
that (W[ > 2n+1—¢ > 8. Let P be a longest blue path in G[W] with vertices v1,...,v, in
order. Since {x1,x2,x3} is blue-complete to W, we see that |P| < 5, else we obtain a blue Ci;
with vertices x1,v1,. .., Vs, T2, u1, T3, uz in order, where uj,ug € W\ {v1,...,v6}, a contradiction.
Assume first that |[W*| < 4. Then,

W[ = |[W\W* +|W*|<n-28170 414 <8. 21701,

because ¢ < k — 2 and k > 3. So we may assume that |[IW*| > 5. By the choice of W*, we see
that |P| € {2,3}, else we obtain a blue C1;. Furthermore, if |P| = 3, then G[W \ V(P)] has
no blue path on three vertices. Thus all the blue edges in G[W \ V(P)] induce a blue match-
ing. Let m := |[W*\ V(P)| and let ugws, ..., Umt1wm+1 be all the blue edges in G[W \ V(P)],



where wug, ..., Up+1, W2, ..., Wyn41 are all distinct. By the choice of W* we may assume that
Uy ooy U1 € W, Let u; = vy and wy = ve, and A := W\ (V(P)U{ug, ..., Um+1, W2,y ..., Wipt1})-
Let B := {uy,ug,...,un+1} when |A| <1 and let B := {uj,ug,...,umt1} U{a,as} when [A] > 2
and ay,as € A with a; # az. We claim that |B| < 3- 25179, Suppose |B| > 3-2¢"179 4 1. By
Theorem 1.7, G[B] has a monochromatic, say green, C7. Then |V (C7)N{u1,ug, ..., um+1}| > 5 and
so C7\ {a1, a2} has a matching of size two. We may assume that ugus, usus € E(Cr). Since G has
no rainbow triangles under the coloring ¢, we see that for any ¢ € {2,4}, {u;, w;} is green-complete
to {uit+1,w;+1}. Thus we obtain a green C; from the C7 by replacing the edge usus with the
path uswswaous and edge uqus with the path ugwswsus, a contradiction (see Figure 2.1). Thus
|B| <3- 2k=1=4_ a5 claimed.

Wa ws Uy ws

Figure 2.1: An example of a green C; arising from the green C7.

When |A] < 1, we have |W| = |A| +2|B| +|V(P)\ {v1,v2}| < 1+6-2F"170 41 < 8.2k 10 1
because ¢ < k — 2 and k > 3. When |A| > 2, since G[A U {w1,wy, ..., wn+1}] has no blue edges,
by minimality of k, |A U {wy, wa,. .., wmi1 | <5- 287179, Hence,

(W =[AU{w,wa, ..., wmsr} + B\ {ar, a2} + [V(P) \ {v1, v2}
<5.2k1ma (3.2 _9) 11

=g8.2F 11 1,
This completes the proof of Claim 2.1. |
Let X1,...,X,, be a maximum sequence of disjoint subsets of V(&) such that, for all j € [m],

one of the following holds.
(a) 1 <[X;[ <2, and X is me-complete to V(G) \ U;¢f;) Xi under ¢, or

(b) 3 <|Xj| <4, and X; can be partitioned into two non-empty sets X;, and X,, where ji, jo € [K]
are two distinct colors, such that for each t € {1,2}, 1 < |X;,| < 2, X}, is ji-complete to
V(G)\ Ujepj Xi but not ji-complete to Xj, ,, and all the edges between X, and Xj, in G are
colored using only the colors j; and js.

Note that such a sequence Xj,...,X,, may not exist. Let X := Uje[m] Xj. For each z € X,
let ¢(z) be the unique color on the edges between z and V(G) \ X under c¢. For all i € [k], let



X7 =={z € X : ¢(z) = color i}. Then X = [J;cy X;. It is worth noting that for all i € [k],
X is possibly empty. By abusing the notation, we use X;" to denote X when the color i is blue.

Similarly, we use X' to denote X when the color i is red.

Claim 2.2 For alli € [k], | X/| <2.

Proof. Suppose the statement is false. Then m > 2. When choosing X, Xs,..., Xy, let
j € [m — 1] be the largest index such that [X; N (X1 U XoU---U Xj;)| < 2 for all p € [k]. Then
3< X N(Xq1UXeU---UX,;UX,y1) <4 for some color i € [k] by the choice of j. Such a
color ¢ and an index j exist due to the assumption that the statement of Claim 2.2 is false. Let
A:=XUXoU---UX;UX, 1. By the choice of X1, Xo,...,X,,, there are at most two colors
i € [k] such that 3 < |X* N A| < 4. We may assume that such a color i is either blue or red. Let
Ap:={x € A: ¢(x) is color blue} and A, := {x € A: ¢(x) is color red}. It suffices to consider the
worst case when 3 < |4, < 4 and 3 < |A,| < 4. Then for any color p € [k] other than red and blue,
| X, NA| < 2. Thus by the choice of j, [A\ (AyUA;)| < 2(k —2). We may assume that |4y > |A,].
Note that |Ap| < n. If |[Ap] > n — 1, then by Claim 2.1(ii) applied to any n — 1 vertices in A, and
V(G)\ A, we see that |V(G) \ A <n 281 +2. Thus,

1G] = A\ (AU A)| + [Ap] + |[Ar| + [VG)\ A <2k —2)+n+n+n-21+2) <n-2F+1

for all £ > 3 and n € {4,5}, a contradiction. Thus 3 < |A4;| <n —2. Then |Ap| =3 and n = 5. By
Claim 2.1(iii) applied to 4, and V(G) \ 4, we see that |V (G) \ A| < 8-2F~1 — 1. Thus,

G| = |A\ (Ay U A)| + | Ay 4+ |A | + [V(G)\ A <2k —2) +3+3+(8- 21 —1)<5-2F +1

for all k > 3, a contradiction. |

By Claim 2.2, | X| < 2k. Let X’ C X be such that for all i € [k], | X' N X}| =1 when X/ # 0.
Let X" := X \ X'. Now consider a Gallai partition Ay,..., A, of G\ X with p > 2. We may
assume that 1 < |4 < -+ < |Ag| < 3 < |As41] < -+ < JAp|, where 0 < s < p. Let R be the
reduced graph of G\ X with vertices ai,as,...,a,, where a; € A; for all i € [p|. By Theorem 1.2,
we may assume that the edges of R are colored red and blue. Note that any monochromatic Coy,1
in R would yield a monochromatic Cs,41 in G. Thus R has neither a red nor a blue Cy,+1. By
Theorem 1.9, p < 4n. Then |A,| > 2 because |G\ X| >n-2¥ + 1 — 2k > 8n — 5. If |4,| = 2, then
k=3. Thus |Ap_sni+s| =2, else |G| < 2(4n—8)+ (p— (4n —8)) +|X| < 8n—-2<n-22+1, a
contradiction. Since Ry(Co,—3) = 4n—7T7 by Theorem 1.9, we see that R[{ap—an+8, @Gp—1n+9,--.,ap}]
has a monochromatic, say blue, C,_3, and so G[Ap_4p4+8 U Ap_ant9 U--- U Ap] has a blue Cop41,
a contradiction. Thus |Ap| > 3 and so p —s > 1. Let

B :={a; € {a1,...,ap-1} | aja; is colored blue in R}
R :={a; € {a1,...,ap—1} | aja; is colored red in R}

Then |B| + |R| =p — 1. Let Bg := U,,ep 4i and Rg := U, cp 4;-

7



Claim 2.3 If|A,| > n and |B| >3 (resp. |R| > 3), then |Bg| < 2n (resp. |Rg| < 2n).

Proof.  Suppose |A,| > n and |B| > 3 but |Bg| > 2n + 1. By Lemma 1.11, G[Bg| has no
blue edges and no vertex in X is blue-complete to V(G) \ X. Thus all the edges of R[B] are
colored red in R. Let m := |B| and let B := {a;,, ai,,...,a,} with [A;| > A > -+ >
|Ai, |- Then G[Bg] — UL, E(G[A;]) is a complete multipartite graph with at least three parts.
If |A;;| < n, then by Lemma 1.12 applied to G[Bg] — UL, E(G[A;;]), G[Bg] has a red Cop1,
a contradiction. Thus |A;| > n+ 1. Let Qp := {v € Rg : v is blue-complete to A;, }, and
Qr = {v € Rg : v is red-complete to A;, }. Then Q, U Q, = Rg. Let Q := (Bg \ 4;,) UQ, U X
Then A;, is red-complete to @@ and G[Q] must contain red edges, because |B| > 3 and all the
edges of R[B] are colored red. By Lemma 1.11 applied to A;; and @, |@Q| < n. Note that
|A, UQy| > |Ap| > |Ai| > n+1 and A, U Q, is blue-complete to A;,. By Lemma 1.11 applied to
A;, and A, UQp, G[A, U Q] has no blue edges. Since no vertex in X is blue-complete to V(G) \ X,
we see that neither G[A, UQy U (X" \ X;5)] nor G[Bg U X'] (and thus G[A4;, U (X' \ X;)]) has blue
edges. By minimality of k, |4, UQ,U (X" \ X})| < n-2*~1. Suppose first that Q. U X} = (). Then
Qp = Rg, so that

G| = |BeUX'|+ |4 UQuUX"|<n 281 4n. 281 <p.2b 41,

a contradiction. Thus @, U X* # (). Since |B| > 3, we see that |Bg \ 4;,| > 2. Thus n > |Q| > 3.
Since G[A;, U (X" \ X})] has no blue edges, by Claim 2.1 applied to @ and A4;, we see that

n-2F2 42 if |Q| € {n—1,n}

A U X' X: <
‘ 1 ( \ )|_{82k_2_17 1f|Q|:n—2andn=5

But then

|G| = 1QI + [As, U (X"\ X[)| 414, UQy U (X7 \ X7

< n+(n-2F"242)+n- 281 i |Ql € {n—1,n}
T3+ (8282 1)+ n-281 if|Q=n—2and n=5.

<n-2F+1

for all k > 3 and n € {4,5}, a contradiction. Hence, |Bg| < 2n. Similarly, one can prove that if
|Ap| > n and |R| > 3, then |Rg| < 2n. [

Claim 2.4 p <2n — 1.
Proof. Suppose p > 2n. Then |B|+ |R| =p—1 > 2n — 1. We claim that |4,| < n — 1. Suppose

Ayl > n. We may assume that |B| > |R|. Then |Bg| > |B| > n > 3. By Claim 2.3, |Bg| < 2n. If
P
|Rg| > n+ 1, then by Lemma 1.11 to A, and Rg, G[Rg| has no red edges, and no vertex in X is



red-complete to V(G) \ X. Then | X”| < k—1 and G[Rg U X'] has no red edges. By minimality of
k, |RcUX'| <n-2F1 Then

|Ay| = |G| — |Bg| — |[RgUX'| — X" >n-2"+1-2n—n-2F1 —(k-1)>2n—1,

for all & > 3. By Lemma 1.11 applied to A, and Bg, G[A,] has no blue edges and no vertex
in X is blue-complete to V(G) \ X. Thus G[A, U X"] has neither red nor blue edges, and so
|A, U X"| < n-2F2 by the choice of k. But then

| Bg| :|G’—|RgUX’|—|ApUX”] zn'2k+1—n'2k_1—n~2k_2Z2n—|-1,
contrary to Claim 2.3. This proves that |Rg| < n. Then
|4pUX'| = |G| - |Ba| — |Ra| — |X"| > (n-2"+1) = 2n—n—k>n 2"+ 1.

By minimality of k, G[A,UX'] must have blue edges. Since |Ay| > n and |Bg| > n, by Lemma 1.11
applied to A, and Bg, |A,| = n and no vertex in X is blue-complete to V(G) \ X. Thus |X| <
2(k —1). But then

|G| = |Bg| + |Ra| + |4y +|1X| <2n+n+n+2k—1)<n- 2841,

for all £ > 3, a contradiction. This proves that |[4,| <n — 1, as claimed.

Since |Ap| > 3, we have 3 < |A,| <n—1. Then k = 3 because n € {4,5} and |G| = n-2F+1. Tt
follows that |G| = 8n+1 and | X| < 6. Therefore, |Bg|+|Ra| = |G|—|4p|—|X| > (8n+1)—(n—1)—
6 = 7Tn — 4. We may thus assume that |Bg| > 2n + 3. We next prove that |A,| < n — 2. Suppose
|A,] = n— 1. If G[Bg| contains three blue edges ujvi, ugvs, ugvs such that wy,ug,us, vy, va, v3
are all distinct, then we obtain a blue Cy, 41 with vertices in Ay U {u1, u2, us, usg, v1, v, v3}, where
ug € B\ {u1,u2,us3,v1,v2,v3}, a contradiction. Thus there exists B* C B such that |B*| < 2 and
G[Bg \ B*] has no blue edges. Then |Bg \ B*| > 2n+ 1, and so |B\ B*| > 3 because |4;| <n —1
for all ¢ € [p]. By the choice of B*, all the edges in R[B \ B*] are colored red. But then by Lemma
1.12, G[Bg \ B*] has a red Cy,41, a contradiction. This proves that 3 < |4,] < n — 2. Then
|4yl =3, n =5, |G| =41, and p < 20. If |[Ap—7| = 3 or |Ap_12] > 2, then R[{ap—s,ap—7,...,ap}]
has a monochromatic Cs, or R[{ap—12, ap—11, .- ., ap}]| has a monochromatic C7 because Ry(Cs) = 9
and Ro(C7) = 13. In either case, we see that G has a monochromatic C11, a contradiction. Thus
|Ap—7| <2and [Ap_12| < 1. Then |4,_7| =2, else |G| < 7-3+13-146 < 41, a contradiction. Since
Ry(Cs) = 8, we see that R[{ap—7, ap—s, - . ., ap}| has a monochromatic, say blue, Cg, and so G\ X has
a blue Cp. Thus no vertex in X is blue-complete to G\ X and so |X| < 2(k—1) = 4. Furthermore,
if |A,—g| = 2, then |A,_4| = 2, else R[{ap—s,ap—7,...,ap}] has a monochromatic C5, and so G has
a monochromatic C1, a contradiction. But then |G| <4-3+4+8-2+ (p—12) -1+ |X| <40 < 41
when |4, g| =2;and |G| <7-3+24 (p—8)-1+|X| <39 <41 when |4, g| < 1. In both cases,
we obtain a contradiction. |

Claim 2.5 [A,| > n+ 1.



Proof. Suppose |A,| < n. By Claim 2.4, p < 2n — 1. We may assume that a,ap,—1 is colored blue
in R. Then |4, U Ap_1 UX| <2n+2(k — 1), else we obtain a blue Cop41. If [Ap—4| > n — 1, then
R[{ap—4,ap—3,...,ap}] has a monochromatic C3 or Cs, and so G contains a monochromatic Cop1,
a contradiction. Thus |A4,_4| < n — 2. But then

Gl <@n+2k—1)4+2n+(p-—4Hn—-2)<4n+(2n—-5)(n—2)+2k—-2<n-2"+1.

for all n € {4,5} and k > 3, a contradiction. [ |

For the remainder of the proof, let B}, := Bg U X, and R, := Rg U X7

Claim 2.6 2<p—s<3n-—"1.

Proof. Suppose p — s > 3n — 6. Then R[{ap—3n+7, @p—3n+s, - - -, ap}] has a monochromatic Cay,—5
because Ra(Cap—5) = 3n—6 when n € {4,5}. But then G would contain a monochromatic Cop41.

Next suppose p — s < 1. Then p — s = 1 because p — s > 1. Thus |4;| < 2 for all i € [p — 1]
by the choice of p and s. By Claim 2.4, p < 2n — 1. Then |Bg U Rg| < 2(p — 1) and so
|BEURE| <2(p—1)+24+2=2(p+1) < 4n. We may assume that |B5| > |R|. If |R| > n, then
|Bf,| > n. By Claim 2.5 and Lemma 1.11, G[A,] has neither blue nor red edges. By minimality of
k, |Ay| < n-22 But then

|G| = |B&URE| + |Ap| + | X\ (BEURE)| <4n+n-282 42k —2) <n-2F+1

for all k£ > 3, a contradiction. Thus |Rf| < n — 1. We claim that |B| < 2n + 2. This is trivially
true if |B| < n. If |B| > n + 1, then |Bg| < 2n by Claim 2.3. Thus |Bf| < 2n + 2, as claimed. If
|B&| > n — 1, then applying Claim 2.1(i,ii) to B, and A, implies that

Ba 4 A < (n—1)+(n-2142), if | B =n—1
GEEEPI= @4+ 2) 40 21 if | BY| > n.
In either case, |Bg| + |Ap| < 2n+n - 2871 + 2. But then
G| = |RE| + |BE| + |Ap| + X\ (BLURE)| < (n— D)+ 2n+n-2"1 4+ 2) +2(k—2) <n-2F 41,

for all k > 3 and n € {4,5}, a contradiction. Thus n — 2 > |Bg| > |Rg|. If |Bf,| = 3, then n = 5.
By Claim 2.1(iii) applied to B, and A,, |4, < 8-2¥! — 1. But then,
G| = |BE| + |RG| + |Apl + | X\ (BEURE)| <3+3+(8-2"1—1)+2(k—2) <5-2F+1

for all k£ > 3, a contradiction. Thus 2 > |B§| > |Rf|. Since p > 2, we see that B # () or R # 0.
Then by maximality of m (see condition (a) when choosing X1, Xa, ..., X,,), B* # 0, R* # 0,
and Bf is neither blue- nor red-complete to R, in G. But then, by maximality of m again (see
condition (b) when choosing X1, X, ..., Xy), B =0 and R}, = (), contrary to p > 2. |
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Claim 2.7 |4, 2| <n—1.

Proof.  Suppose |A,—2| > n. Then n < [A,_o| < |Ap—1] < |Ap| and so R[{ap—2,ap—1,ap}] is not
a monochromatic triangle in R (else we obtain a monochromatic Co,+1). Let By, Bg, B3 be a
permutation of A, o, 4,1, A, such that B is, say blue-complete, to B; U Bs in G. Then Bj must
be red-complete to Bs in G. We may assume that |Bj| > |Bs|. By Lemma 1.11, no vertex in X is
blue- or red-complete to V(G) \ X. Let A :=V(G) \ (B1 UBy U B3U X). Then by Lemma 1.11,
no vertex in A is red-complete to B; U B3 in (G, and no vertex in A is blue-complete to By U By or
By U B3 in G. This implies that A must be red-complete to By in G. We next show that G[A] has
no blue edges. Suppose that G[A] has a blue edge, say, uv. Let

Bi :={b€ A|bis blue-complete to B; only in G}
Bj :={b € A|bis blue-complete to both B; and B3 in G}
B3 :={b e A|bis blue-complete to Bz only in G}.

Then A = B U B5 U B3. Note that Bj, B;, B; are pairwise disjoint and possibly empty. Let
bi,...,bp—1 € Bi, bp,...,ban_o € Ba, and by,—1 € Bs. If uv is an edge in G[B] U B3], then
we obtain a blue Cy,+1 with vertices by, u, v, ba, by, b2p—1, bnt1, 03, bpt2, -« ., b1, bop—o in order, a
contradiction. Similarly, uv is not an edge in G[B3 U B;]. Thus uv must be an edge in G[B} U Bj]
with one end in B} and the other in B3. We may assume that v € B and v € B3. Then we obtain
a blue Cy,+1 with vertices by, u, v, bap—1,bp, b2, bnt1, ..., bp—1,ban—2 in order, a contradiction. This
proves that G[A] has no blue edges. By minimality of k, |A| < n-2F1.

We next show that |[Bs U AU X'| < n-28"1. Suppose |[BoUAUX'| > n-2¥1 4+ 1. Then
by minimality of k, G[Bs U A U X'] must contain blue edges. Since G[A] has no blue edges, A is
red-complete to Bg, and no vertex in X is blue-complete to V(G) \ X, we see that G[Bs] must
contain blue edges. By Lemma 1.11, |Bz| = n. Then By # A,. We may assume that By = A,,.
By Lemma 1.11, G[By] has neither blue nor red edges and so G[B; U X'] has neither blue nor red
edges. By minimality of k, |[B; U X’| <n-2""2 and so [B3 U X"| < |B; U X'| < n-2*"2. Note that
A =10, else, let v € A. Then G[By U {v}] has blue edges and B U {v} is blue-complete to either
By or Bs, contrary to Lemma 1.11. But then

G| = |BiUX'|+|By| + |BsUX"|<n-2824n4n-282<n. 2841,

for all k > 3, a contradiction. This proves that [Bo U AU X'| < n - 2kF1

Since |B1| > |Bs| and |By| + |Bs| = |G| = |B2UAUX'| — | X"| > n 2814+ 1—(k—2) > 2n+1,
we see that |Bi| > n + 1. Note that |Bs| > n and |B3| > n. By Lemma 1.11, G[B;] has neither
red nor blue edges. Since each vertex in X is neither red- nor blue-complete to By, G[By U X"] has
neither red nor blue edges. By minimality of k, |[B; UX”| <n-2¥"2 and so | B3| < |By| < n-2F2
But then

|G| = [BoUAUX'|+ |BiUX"|+|Bs| <n-281 4. 282 4 pn. 22 —p. ok
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a contradiction. [ |

By Claim 2.6, 2 < p—s < 3n—T7 and so |Ap—1]| > 3. We may now assume that apa,_; is colored
blue in R. Then a,—; € B and so A,—1 C Bg. Thus |Bg| > |Ap-1| > 3.

Claim 2.8 |R}| < 2n.

Proof.  Suppose |Rf,| > 2n + 1. By Claim 2.5, |4,| > n + 1. By Lemma 1.11, G[R{,] has no red
edges. Thus |Rf| = |Rg| and so no vertex in X is red-complete to V(G) \ X. In particular, all
the edges in R[R] are colored blue. By Claim 2.3, |R| < 2. By Claim 2.7, |A,_2| < n — 1. Since
A, 1 NRg =0 and |Rg| > 2n + 1, we see that |R| > 3, a contradiction. [ |

Claim 2.9 |4, | < n.

Proof. Suppose |Ap_1| > n+1. Then |Bg| > |Ap—1| > n+ 1. By Lemma 1.11, neither G[A,] nor
G[Bg] has blue edges, and no vertex in X is blue-complete to V(G) \ X. Thus | X| <2(k—1). By
the choice of k, |[BgUX"| <n-2F 1 and |4,UX’| < n-2"~1. We claim that G[Rg] has blue edges.
Suppose G[R¢] has no blue edges. Then G[A, U Rg U X'] has no blue edges. By the choice of k,
|A,URGUX'| <n-25"1. But then |BqUX"| = |G| - |A,URgUX'| > n-2¥"1 41, a contradiction.
Thus G[R¢] has blue edges, as claimed. Then |Rg| > 2. By Claim 2.8, 2 < |Rg| < |RE| < 2n.

We first consider the case when |Rf| > n — 1. We claim that [A, U (X' \ R)| + |RE| <
n - 2872 4 max{2n,k +n — 1}. If |R%| > n, then by Lemma 1.11, G[A,] has no red edges and
so G[A, U (X" \ R%)] has no red edges. By the choice of k, |4, U (X' \ RS)| < n-2¥2 and so
1A, U(X'\ RE)| + |RE| < n-2F2 4 2n. If |RE| = n— 1, then applying Claim 2.1(ii) to RY, and Ay,
|Ap| <n-28242. Thus |[4,U(X'\RL)|+|R:| < n-28 2424 (k—2)+(n—1) =n- 2824 k+n—1.
Thus |A, U (X' \ RE)| + |RE| < n- 2872 4 max{2n,k +n — 1}, as claimed. But then

Gl = |4,U(X"\ Rg)|+|Rg| + | BaU(X"\ Rg)| < (n-28 4 max{2n, k+n—1})+n-28"" < n.2 41,

for all £ > 3, a contradiction.

It remains to consider the case 2 < |Rg| < |R;| < n —2. If |R;| = 3, then n = 5. By applying
Claim 2.1(iii) to R}, and A, |Ap| <8282 — 1. But then

|G| < |Ay| +|BoUX"| +|RE| + | X' \RE| < (8-282 —1)+5. 281 434 (k—2) <5-2F + 1,

for all £ > 3, a contradiction. Thus |Rf| = |Rg| = 2. Then no vertex in X is red-complete
to V(G)\ X. Thus |X"| < k—2. Let Rg = {a,b}. Then ab must be colored blue under
¢ because G[Rg] has blue edges. If a or b, say b, is red-complete to Bg in G, then neither
G[A,U{a}UX'] nor G[BgU{b}UX"] has blue edges. By minimality of k, |A,U{a}UX'| < n-2k!
and |[BgU{b}UX"| < n-2¥~1. But then |G| = |4,U{a}UX'|+|BgU{b}UX"| < n-2k-14n.2k"1 <
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n-2F +1 for all k > 3, a contradiction. Thus neither a nor b is red-complete to Bg in G. Let
a’,b' € Bg be such that aa’ and bb' are colored blue under c¢. Then o’ = V', else we obtain a blue
Con+1 in G with vertices @, a,b, b, z1,y1, 22, ..., Yn—2, Tn—1 in order, where z1,...,2,-1 € A, and
Yis---,Yn—2 € Bg \ {d/,V'}, a contradiction. Thus {a,b} is red-complete to Bg \ ¢’ in G. Then
there exists i € [s] such that A; = {a'}. Since G[B¢] has no blue edges, we see that {a,b,a’} must

we see that |[Bg \ /| <4-2F2 42 whenn =4 and |Bg \ d| <822 —1 when n = 5. But then

G| =4, UX'| +|Bc\ d'| + [{a,b,d’}| + |X"|
<{4-2’f—1+(4-2’f—2+2)+3+(k;—2), when n = 4
52t (8252 1) +3+ (k—2), whenn=>5
<n-2F41

for all k > 3, a contradiction. Hence, |[A,_1]| < n. [

By Claim 2.8, |Rg| < |RE| < 2n. We first consider the case when |Rg| > n. Since |4y > n+1,
by Lemma 1.11, G[Ap] has no red edges and no vertex in X is red-complete to V(G) \ X. Thus
| X| < 2(k —1). We first claim that |Bg| > n. Suppose |Bg| < n—1. If |Bg| = n — 1, then
|A,| < n .22 42 by Claim 2.1(ii) applied to Bg and A,. But then

G| = |Ap| +|Ba| + |Ra| + | X| < (n- 2824 2) + (n— 1) +2n +2(k — 1) <n-2F 41,

for all k£ > 3, a contradiction. Thus 3 < |Bg| <n —2. Then n =5 and |Bg| = 3. By Claim 2.1(iii)
applied to Bg and A,, |A,| < 82872 — 1. But then

|G| = |A,| +|Bg| + |Ra| + X< (8-2"2 — 1) +3+10+2(k—1) < 5-2% +1,

for all & > 3, a contradiction. Thus |Bg| > n, as claimed. By Lemma 1.11, G[A,] has no blue
edges and no vertex in X is blue-complete to A, in G. Since G[A, U X'] has neither red nor blue
edges, and no vertex in X is red- or blue-complete to A, in G, it follows that |X”| < k — 2 and
|A, U X'| <n-28-2 by minimality of k. Then |Bg| > n + 1, else

G| = |4, UX"| + |X"|+ (|Bg| + |Ra|) <n-28"2 4+ (k—2)+ (n+2n) <n-2F+1,

for all k > 3, a contradiction. By Lemma 1.11, G[Bg] has no blue edges and so G[Bg U X”] has

no blue edges. By minimality of k, |Bg U X”| < n-2¥"1. But then
G| =4, UX'|+|BcUX"|+|Rg| <n-2"24+n-2"yon<n.2F 41,

for all k > 3, a contradiction.
It remains to consider the case when |Rg| < n—1. Suppose first that |[Bg| > 2n+1. By Lemma
1.11, G[Bg]| has no blue edges. Thus all the edges in R[B] are colored red. Since |A,_1| < n by
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Claim 2.9, we see that |B| > 3, contrary to Claim 2.3. Thus 3 < |A,—1] < |Bg| < 2n. If
|Bg| > n — 1, by Claim 2.1(i,ii) applied to Bg and A, (and Lemma 1.11 applied to Bg and A, to
obtain | X| < 2(k — 1) when |Bg| > n), we have

(n-28142)+ (n—1)+2k, if|Bgl=n-1

Ay + |Bg| +|X| <
[4pl + Bl + X {n-2k—1+2n+2(k—1), if [Bg| = n.

Thus in either case, |A,| + |Bg| + | X| < n- 2871 + 2n + 2k — 2. But then
G| = (|Ap| + |Bg| + |X|) + |Rg| < (n- 2" '+ 20+ 2k —2) + (n— 1) <n-2F + 1,

for all k£ > 3, a contradiction. Thus 3 < |Bg| < n —2. Then |Bg| =3 and n = 5. If |R}| > 4
or |BE| > 4, by applying Claim 2.1(ii) to any four vertices in R, or B and Ay, we have |A,| <
5-2F1 1 2. But then

Gl = |4, + |Ba| + [Ra| +1X| < (52" 1 +2) + 3+ 44+ 2k < 5-2° + 1,

for all k > 3, a contradiction. Thus |Bg| = |Bf| = 3 and |Rg| < |R| < 3. Then no vertex in X
is blue-complete to V(G) \ X. Thus | X \ R§| < 2(k —2). By Claim 2.1(iii) applied to Bg and A,
|A,| <8281 — 1. But then

|G| = |Ap| + |Ba| + |RE| + | X \RE| < (8- 281 —1) +3+3+2(k—2) <5-2F 41,

for all £ > 3, a contradiction.

This completes the proof of Theorem 1.8. |
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