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Abstract

A graphH is a minor of a graphG if H can be obtained from a subgraph ofGby contracting edges.
LetK−

8 be the graph obtained fromK8 by deleting one edge.We prove a conjecture of Jakobsen that

every simple graph onn�8 vertices and at least(11n − 35)/2 edges either has aK−
8 minor, or is

isomorphic to a graph obtained from disjoint copies ofK1, 2, 2, 2, 2 and/orK7 by identifying cliques
of size five.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

All graphs considered in this paper are finite and simple. LetGbe a graph and letxandy
be adjacent vertices inG.We denote byG/xy the graph obtained fromGby contracting the
edgexy, i.e., by replacingxandyby one new vertex adjacent to every vertex that is adjacent
to x or y in G. A graph is aminorof another if the first can be obtained from a subgraph of
the second by contracting edges.We say that a graphGhas anH minor (denoted byG>H )
if G has a minor isomorphic toH.
One of the central problems of Graph Theory is the following conjecture due to

Hadwiger [3].
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Conjecture 1.1. For every integert�1,every graph with noKt+1 minor is t-colorable.

Hadwiger’s conjecture is trivially true fort�2, and reasonably easy fort = 3, as shown
by Dirac[2]. However, fort�4, Hadwiger’s conjecture implies the Four Color Theorem.
(To see that, letH be a planar graph, and letGbe obtained fromH by addingt −4 vertices,
each joined to every other vertex of the graph. ThenG has noKt+1 minor, and hence is
t-colorable by Hadwiger’s conjecture, and henceH is 4-colorable).Wagner [14] proved that
the caset = 4 of Hadwiger’s conjecture is, in fact, equivalent to the Four Color Theorem,
and the same was shown fort = 5 by Robertson et al. [10]. Hadwiger’s conjecture remains
open fort�6. For t = 6, Kawarabayashi and Toft [8] proved that any 7-chromatic graph
has eitherK7 orK4,4 as a minor. Jacobsen [4] proved that every 7-chromatic graph has a
K=
7 minor, where for integerp>0,K

−
p (resp.K

=
p ) denotes the graph obtained fromKp by

removing one edge (resp. two edges).
Mader [9] showed that forp�7 every graph withe(G)�(p − 2)|G| − (

p−1
2

) + 1 has a
Kp minor. Forp = 6, this result was instrumental in the proof of Hadwiger’s conjecture
for t = 5 mentioned above, and so it is reasonable to expect that further progress will be
tied to a suitable generalization of Mader’s result. Unfortunately, Mader’s theorem does not
extend forp�8:K2,2,2,2,2 is a counterexample forp = 8, and further counterexamples
may be constructed by adding new vertices joined to all existing ones. On the other hand,
Jørgensen [7] proved that every graphGwith e(G)�6|G|−20 either has aK8 minor or is a
(K2,2,2,2,2,5)-cockade, where cockades are defined recursively as follows. LetH1, H2 be
graphs and letkbe an integer.Any graph isomorphic toH1 orH2 is an(H1, H2, k)-cockade.
Now letG1,G2 be(H1, H2, k)-cockades and letG be obtained from the disjoint union of
G1 andG2 by identifying a clique of sizek in G1 with a clique of the same size inG2.
Then the graphG is also an(H1, H2, k)-cockade, and every(H1, H2, k)-cockade can be
constructed this way. In the case whenH1 = H2 = H , it will be called an(H, k)-cockade.
Thomas and the author [12] proved that every graphGwith e(G)�7|G| − 27 either has a
K9 minor or is a(K1,2,2,2,2,2, 6)-cockade, or is isomorphic toK2,2,2,3,3. More generally,
Seymour and Thomas (see [12]) conjectured the following:

Conjecture 1.2. For everyp�1 there exists a constantN = N(p) such that every(p−2)-
connected graph onn�N vertices and at least(p−2)n−(

p−1
2

)+1edges has aKp minor.

In [1], Chen, Gould, Kawarabayashi, Pfender and Wei proved that every simple graph
onn vertices and at least 9n− 46 edges has aK−

9 minor, and used that to deduce that if, in
addition,G is 6-connected, then it is 3-linked. The work of Chen, Gould, Kawarabayashi,
Pfender and Wei suggested that there may be interest in the extremal problem forK−

p

minors.

Jakobsen [4,5] proved the following:

Theorem 1.3. For p = 5,6,7, if G is a graph withn�p vertices and at least(p− 5
2)n−

1
2(p − 3)(p − 1) edges, thenG>K−

p , or G is a (Kp−1, p − 3)-cockade whenp �= 7, or
p = 7 and G is a(K2,2,2,2, K6, 4)-cockade.



302 Z.-X. Song / Journal of Combinatorial Theory, Series B 95 (2005) 300–317

In [5], Jakobsen also conjectured that Theorem 1.3 extends top = 8 as follows:

Conjecture 1.4. If G is a graph withn�8 vertices and at least11n−352 edges, thenG>K−
8

or G is a(K1,2,2,2,2, K7, 5)-cockade.

The purpose of this paper is to prove Conjecture1.4, as follows.

Theorem 1.5. If G is a graph withn�8 vertices and at least11n−352 edges, thenG>K−
8

or G is a(K1,2,2,2,2, K7, 5)-cockade.

Jakobsen[5] pointed out that the graphK2,2,2,2,3 contains noK
−
9 minor. In fact, there are

manymoresmall counterexamples toananalogueofConjecture1.4 forp = 9:K1,1,2,2,2,2,
K1,2,2,3,3,K3,3,3,3 andK2,3,3,4. Thus an analogue of Conjecture 1.4 forp = 9 will have
to include the conclusion thatG is isomorphic to one of these graphs.

2. Preliminaries

We need to introduce more notation. For a graphG, we use|G| ande(G) to denote the
order and size ofG, respectively. ThecomplementG of a graphG has the same vertex
set asG, and distinct verticesu, v are adjacent inG just when they are not adjacent in
G. The complement of a complete graphKt will be denoted byKt . For any vertexv of a
graphG, we useN(v) orNG(v) to denote the subgraph ofG spanned by the neighbors of
v. The subgraph spanned byx and the neighbors ofx is denoted byN [v] or NG[v]. For
any subgraphH of G we denote byN(H) the subgraph ofG spanned by the vertices in
V (G)\V (H) that are adjacent to a vertex inH.
For a graphG, A,B ⊂ V (G) and two nonadjacent verticesx, y ∈ V (G), we will use

eG(A,B) to denote the number of edges betweenA andB in G andG + xy to denote the
graph obtained fromGby adding an edge joiningx toy. ThejoinG+H (resp.unionG∪H )
of two vertex disjoint graphsG andH is the graph having vertex setV (G) ∪ V (H) and
edge setE(G)∪E(H)∪ {xy|x ∈ V (G), y ∈ V (H)} (resp.E(G)∪E(H)). The following
results will be needed later. Theorem 2.1 is a result of Jørgensen [7], Theorem 2.2 was first
proved by Jung [6]. For a complete characterization of the graphs with no pair of such paths,
see [11,13].

Theorem 2.1. Let G be a graph withn�11vertices and�(G)�6.ThenG>K6∪K1 or G is
one of the graphsK2,2,2,2,K3,3,3 or the complement of the Petersen graph. In particular,
G>K−

6 ∪K1.

Theorem 2.2. Let G be a4-connected graph and letx1, x2, y1, y2 be vertices in G. If G
does not contain anx1 − y1 path and anx2 − y2 path that are disjoint, then G is planar
ande(G)�3|G| − 7.

In the proof ofTheorem1.5,we shall consider graphswithnvertices andexactly�11n−352 �
edges. Such graphs have vertices of degree atmost 10. Sincewewant to consider contraction
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Fig. 1. Graph J.

in the graph spanned by the neighbors of a vertex of minimum degree, we need some results
about contractions in graphs with at most 10 vertices.

Lemma 2.3. Let G be a graph with 8 vertices and�(G)�5. ThenG>K−
6 ∪ K1 or G

is isomorphic toC8, C4 + C4, K3 + C5, K2 + C6, or K2,3,3. In particular, all these
graphs are edge maximal subject to not having aK−

6 ∪K1 minor. Moreover, C8>K6 and
C4 + C4>K6.

Proof. It is not hard to verify that the graphs listed are edge maximal subject to not having
aK−

6 ∪ K1 minor. Thus we may assume that every edge ofG is incident with a vertex of
degree five. Letx ∈ V (G) be such thatd(x) = 5. If e(G−x)� 1

2(7|G−x|−15) = 17, by
Theorem1.3,G− x>K−

6 orG− x = K3+ (K2∪K2). In the second case,x is adjacent to
the four vertices of degree 4 inK3+ (K2∪K2). It is easy to check thatG>K−

6 ∪K1. Hence
wemay assumee(G−x)�16, and so 20�e(G)�21. If e(G) = 20, thenG is 5-regular on
8 vertices. ThusG is 2-regular. It follows thatG is isomorphic toC8,C4∪C4, orC3∪C5,
and so the lemma holds. Ife(G) = 21, thenG has either one vertex of degree 7 and seven
vertices of degree 5 or two vertices of degree 6 and six vertices of degree 5. In the first case,
let y be the vertex of degree 7. ThenG− y is 4-regular on 7 vertices. ThusG− y = C7 or
C3∪C4. It is easy to check thatG−y>K−

5 ∪K1 and thusG>K−
6 ∪K1. For the latter, letz,w

be the two vertices of degree 6. SinceG is edgeminimal, we havezw /∈ E(G). It follows that
G−{z,w} is 3-regular on6 vertices.ThusG isK2+C6 orK2,3,3.The last assertion is easy to
verify. �

Lemma 2.4. Let G be a graph with9�n�10 vertices and�(G)�5.ThenG>K−
6 ∪ K1

or G is isomorphic to J(given inFig. 1).

Proof. Lemma 2.4 can be checked by computers. However, a computer-free proof is given
in the appendix. �

By Lemmas 2.3 and 2.4, it follows that
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Corollary 2.5. Let G be a graph with8� |G|�10 and �(G)�5. ThenG>K−
6 ∪ K1 or

G is isomorphic toC8, C4 + C4, K3 + C5, K2 + C6, K2,3,3, or J. In particular, all these
graphs are edge maximal(subject to not having aK−

6 ∪K1 minor) with maximum degree
� |G| − 2.Moreover, C8>K6, C4 + C4>K6, andJ>K6.

Finally, we need some results about contractions in(K1,2,2,2,2, K7, 5)-cockades. Our
proof of Conjecture1.4 uses induction by deleting and contracting edges ofG. We need to
investigate graphsG such that the new graphG − xy or G/xy is a (K1,2,2,2,2, K7, 5)-
cockade, wherexy ∈ E(G). It turns out that contracting an edge ofG in the proof of
Conjecture 1.4 will not produce a(K1,2,2,2,2,K7,5)-cockade. So we only consider the
case whenG− xy is a(K1,2,2,2,2, K7, 5)-cockade. We do that next.

Lemma 2.6. Let G be a(K1,2,2,2,2, K7, 5)-cockade and let x and y be nonadjacent ver-
tices in G. ThenG+ xy is contractible toK−

8 .

Proof. This is obviously true ifG is K1,2,2,2,2. So we may assume thatG is obtained
from H1 andH2 by identifying onK5, where bothH1 andH2 are(K1,2,2,2,2, K7, 5)-
cockades. If bothx, y ∈ V (Hi), thenHi>K−

8 by induction. So we may assume thatx ∈
V (H1) − V (H2) andy ∈ V (H2) − V (H1). If there existsz ∈ V (H1) ∩ V (H2) such that
yz /∈ E(G), then by contractingV (H1)−V (H1)∩V (H2) toz, the resulting graph will have
aK−

8 minor by induction. So wemay assumey is adjacent to all vertices inV (H1)∩V (H2).
Similarly, we may assume thatx is adjacent to all vertices inV (H1)∩ V (H2). Hence there
existsw ∈ V (H1) such thatH1[{w, x, V (H1) ∩ V (H2)}] is aK7 subgraph inH1. Clearly,
G[{w, x, y, V (H1) ∩ V (H2)}] + xy>K−

8 . �

It is easy to observe that

Lemma 2.7. Let G be a(K1,2,2,2,2, K7, 5)-cockade. Thene(G) = 11|G|−35
2 .

3. Proof of Theorem 1.5

In this sectionwe proveTheorem1.5 by induction onn. The only graphsGwith 8 vertices
ande(G)� 11×8−35

2 areK−
8 andK8. So we may assume thatn�9 and the assertion holds

for smaller values ofn.
SupposeG is a graph withn vertices ande(G)� 11n−35

2 but G is not contractible to
K−
8 andG is not a(K1,2,2,2,2, K7, 5)-cockade. By Lemma 2.6, we may assume that
e(G) = �11n−352 �.
If G has a vertexx with d(x)�5, thene(G − x)� 11n−35

2 − 5>11|G−x|−35
2 . By the

induction hypothesis and Lemma 2.7,G− x>K−
8 , a contradiction. Thus

(1) �(G)�6.
(2) �(N(x))�5 for anyx ∈ V (G).
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Proof. Suppose that there existsy ∈ N(x) such thatdN(x)(y)�4. Then e(G/xy)�
11(n−1)−34

2 >
11|G/xy|−35

2 . By the induction hypothesis and Lemma2.7,G− x>K−
8 , a con-

tradiction. �

LetSbe aminimal separating set of vertices inG, and letG1 andG2 be proper subgraphs
of G so thatG = G1 ∪G2 andG1 ∩G2 = G[S]. For i = 1,2, letdi be the largest integer
so thatGi contains disjoint set of verticesV1, V2, . . . , Vp so thatGi[Vj ] is connected and
|S ∩ Vj | = 1, 1�j�p = |S|, and so that the graph obtained fromGi by contracting
V1, V2, . . . , Vp and deletingV (G) − (∪jVj ) hase(G[S]) + di edges. LetG′

1 (resp.G
′
2 )

be obtained fromG1 (resp.G2) by addingd2 (resp.d1) edges toG[S]. By (1), |Gi |�7,
i = 1,2.Hencewemayassume thate(G1)� 11|G1|−35

2 −d2 (otherwisee(G′
1)>

11|G′
1|−35
2 , in

which case,G′
1>K

−
8 by induction). Similarly, wemay assume thate(G2)�

11|G2|−35
2 −d1.

Consequently,

(3) 11n−352 �e(G) = e(G1)+ e(G2)− e(G[S])� 11n+11|S|−70
2 − d1 − d2 − e(G[S]), and

so

(4) 11|S|�35+ 2d1 + 2d2 + 2e(G[S]).
(5)G is 5-connected.

Proof. It follows from (4) that|S|�4. Note thatdi� |S| − 1− �(G[S]), i = 1,2, and
2e(G[S])� |S|�(G[S]). By (4), we have 7|S|�31+ (|S| − 4)�(G[S]), which implies that
|S|�5. �

(6) There is no minimal separating setSso thatG[S] is complete.

Proof. Suppose thatG[S] is complete. By (5),|S|�5. If |S|�6, by contractingV (G1)−S
andV (G2) − S into two new vertices, we getG>K−

8 . So we may assume|S| = 5. Note

that whenG[S] = K5, we get equality in (3). Thuse(Gi) = 11|Gi |−35
2 for i = 1,2

ande(G) = 11n−35
2 . It follows by induction thatG is a (K1,2,2,2,2, K7, 5)-cockade, a

contradiction. �

(7) There is no minimal separating setSwith a vertexx so thatG[S − x] is complete.

Proof. Suppose thatG[S − x] is complete. By (5),|S|�5. By (6), we may assume
�(G[S])� |S|−2. Thend1 = d2 = |S|−1−�(G[S]) and 2e(G[S]) = (|S|−1)(|S|−2)+
2�(G[S]). By (4), 11|S|�35+ 4(|S| − 1− �(G[S]))+ (|S| − 1)(|S| − 2)+ 2�(G[S]) =
|S|2+|S|+33−2�(G[S])� |S|2+|S|+33−2(|S|−2). It follows that|S|2−12|S|+37�0,
which is impossible. �

(8) 7��(G)�10.

Proof. Let x ∈ V (G) be a vertex such thatd(x) = �(G). By (1), d(x)�6. If d(x) = 6,
by (2),N(x) = K6. NowK6 will be a minimal separating set, which contradicts (6). Thus
�(G) = d(x)�7. On the other hand, sincee(G) = �11n−352 �, we haved(x)�10. �
(9) �(G)�8.
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Proof. Suppose thatd(x)�7. By (8), d(x) = 7. By (2), �(N(x))�5. ThusN(x) =
K7 − M, whereM is a matching ofN(x). Let K be a component ofG − N [x]. By (7),
N(K) contains two nonadjacent vertices, saya andb, in N(x). Let P be ana − b path
with interior vertices inK. If |M|�2, then by contracting all but one of the edges of
the pathP, G>K−

8 , a contradiction. So we may assume that|M| = 3, that isN(x) =
K1,2,2,2.
LetV (N(x)) = {y, z1, z2, z3, w1, w2, w3} so thaty is adjacent to all vertices inN(x)−y

andziwi /∈ E(G). Suppose thatG − N [x] is disconnected. LetK andK ′ be two compo-
nents ofG − N [x]. SinceN(x) = K1,2,2,2, by (7),N(K) andN(K ′) contain two pairs
of nonadjacent vertices ofN(x), respectively. We may assume thatz1, w1 ∈ N(K) and
z2, w2 ∈ N(K ′). Let P be az1-w1 path inK andP ′ be az2-w2 path inK ′. Then by
contracting all but one of the edges ofP andP ′, respectively, we get aK−

8 minor ofG, a
contradiction. Hence

(9a)G−N [x] is connected.
(9b) There is no vertex inG − N [x] that is adjacent to a pair of nonadjacent vertices in
N(x).

Proof. Suppose that there existsv ∈ V (G) − N [x] adjacent to, sayz1 andw1. Let K
be a component ofG − N [x] − v. If N(K) contains a pair of nonadjacent vertices of
{z2, z3, w2, w3}, say,z2 andw2, then there is az2-w2 path P inK. Now by contractingv
to z1 and all but one of the edges of the path P, we get aK

−
8 minor ofG, a contradiction.

Thus by (7), we may assumez1, w1 ∈ N(K). Let K ′ = G − N [x] − K. Clearly,K ′
is connected. IfN(K ′) contains a pair of nonadjacent vertices, other thatz1 andw1 of
N(x), thenG would have aK−

8 minor, a contradiction. Therefore, we may assume that
w2, w3 ∈ N(K) − N(K ′) andz2, z3 ∈ N(K ′) − N(K). Sincew2z3 ∈ E(G), w2 andz3
have at least one common neighbor inG−N [x]. It follows thatvw2, vz3 ∈ E(G) and thus
w2 ∈ N(K ′), a contradiction. �

Let v ∈ N(x) andw ∈ V (G − N [x]) be such thatv �= y andvw ∈ E(G). By (2) and
(9b),v andw have at most three common neighbors inN(x). Hence,

(9c) for anyv ∈ N(x)− y, v has at least three neighbors inG−N [x].
Suppose thatw is a cut-vertex ofG − N [x]. Let K be a component ofG − N [x] − w

and letK ′ = G − N [x] − K. ThenK ′ is connected. SinceN(x) = K1,2,2,2, by (7),
N(K) andN(K ′) contain at least one pair of nonadjacent vertices ofN(x), respectively.
If N(K) andN(K ′) contain distinct pairs of nonadjacent vertices ofN(x), thenG would
have aK−

8 minor by the existence of such two disjoint paths inK andK ′, respectively.
So we may assume thatz1, w1 ∈ N(K) ∩ N(K ′) andN(K) andN(K ′) contain no pair
of nonadjacent vertices ofN(x) other thanz1, w1. Thus we may assume thatz2, z3 ∈
N(K ′) − N(K) andw2, w3 ∈ N(K) − N(K ′). Sincew2z3 ∈ E(G), w2 andz3 have at
least one common neighbor inG − N [x]. It follows thatww2, wz3 ∈ E(G), and thus
w2 ∈ N(K ′), a contradiction.Therefore

(9d)G−N [x] is 2-connected.
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Consider the graphH = G− {x, y, z3, w3}. We next show thatH is 4-connected.
LetSbe a minimal separating set of at most three vertices inH. By (9c) and (9d),|S|�2

and|S ∩ N(x)|�1. If |S ∩ N(x)| = 1, we may assume thatw1 ∈ S. Sincez1z2, z1w2 ∈
E(G), z1, z2, w2 are in the same component ofH − S. Denote this component byK. If
w1 /∈ S, then alsow1 ∈ K, and in this case we assume thatS andw1 are chosen so
that |S ∩ N(w1)| is maximal. We next show that there existz′2 andw′

2 in G − N [x] − S
adjacent toz2 andw2, respectively. By (9b) and (9c), we may assume thatw2 has exactly
three neighbors inG − N [x], saya, b, c, andS = {a, b, c}. Clearly,w1 /∈ S. By the
assumption that|S ∩ N(w1)| is maximal, it follows thatw1 is adjacent to all vertices inS.
Sincew2z1 ∈ E(G), by (2),z1 andw2 have at least one common neighbor inG − N [x].
Sincew2 has only three neighborsa, b, c in G − N [x], we may assumez1a ∈ E(G).
Now a is adjacent to bothz1 andw1, which contradicts (9b). This proves that there exist
z′2, w′

2 ∈ (V (G)−N [x] − S) such thatz2z′2, w2w′
2 ∈ E(G).

Clearly,z′2, w′
2 ∈ K. By (9d),G− N [x] contains two independentz′2-w′

2 paths. One of
these paths is contained inG[K ∪ S].
SinceG is not contractible toN [x] + z2w2 + z3w3, there is noz3-w3 path inG[K ′ ∪

{z3, w3}],whereK ′ �= K is another componentofH−S.But this implies thatK ′ is separated
from x by Sand two adjacent vertices inN(x). We may assume that such two vertices are
{y,w3}. SinceG is 5-connected,|S| = 3. LetS = {s1, s2, s3}, wheres1 = w1 if w1 ∈ S,
andS′ = S ∪ {y,w3}. ThenS′ is a minimal separating set ofG. LetH1 = G[K ′ ∪ S′} and
H2 = G−K ′. Letd1 andd2 be definedas in the paragraph following (2). Clearly,K∪{x, z3}
is contained inH2. ByMenger’s theorem, there exist threedisjoint paths between{x,w1, z2}
andS in G − {y,w3}. By contracting those paths, we getd2 + eG(S′) = e(K5) = 10. By
(2), d1�1. By (4), 55= 11× 5�35+ 2(d2 + e(S′)) + 2d1 = 35+ 20+ 2 = 57, a
contradiction. ThusH is 4-connected.
SinceG is not contractible toK−

8 , it follows from Theorem2.2 applied to the vertices
z1, z2, w1, w2 thate(H)�3|H | − 7= 3(n− 4)− 7. Since the verticesz3 andw4 have no
common neighbor inG−N [x], they together have at most|G|− |N [x]| = n−8 neighbors
in G−N [x]. The vertices{z3, w3} are incident with 8 edges ofN [x]. Thus

11n− 35

2
� e(G)�d(x)+ d(y)− 1+ e(H)+ (n− 8)+ 8

� 7+ n− 2+ 3(n− 4)− 7+ (n− 8)+ 8= 5n− 14.

It follows thatn�7, which contradicts the fact thatn��(G)+ 1�8 by (8). �

(10) Letx be a vertex such that 8�d(x)�10. Then there is no componentK of G−N [x]
such thatN(K) = N(x).

Proof. Suppose such a componentK exists. By (2),�(N(x))�5. By Corollary 2.5,
N(x)>K−

6 ∪ K1 or N(x)>K6 or N(x) ∈ {K3 + C5,K2,3,3,K2 + C6}. In the first case,
there is a vertexy ∈ N(x) such thatN(x) − y>K−

6 . By contractingV (K) ∪ {y} to a
single vertex we see thatG>K−

8 , a contradiction. We will use this argument repeatedly
later, and we shall refer to it as “contractingK onto a free vertex ofN(x)”. If N(x)>K6,
then we obtain the same conclusion by contractingK to a vertex. So we may assume that
N(x) ∈ {K3 + C5,K2,3,3,K2 + C6}. We claim thatG − N [x] is connected. Suppose
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G−N [x] is disconnected. LetK ′ �= K be another component ofG−N [x]. By (6),N(K ′)
is not complete. Leta, b ∈ N(K ′) be such thatab /∈ E(G). LetP be ana-b path inK ′. By
Corollary2.5,N(x) is edge maximal, and soN [x] ∪ P>K−

7 ∪K1. By contractingK to a
free vertex ofN(x) ∪ P , we getG>K−

8 , a contradiction. ThusG−N [x] is connected, as
claimed. We consider the following two cases.

Case1:G−N [x] is 2-connected.
SupposeN(x) ∈ {K2 + C6,K2,3,3}. By (2), there existx1, x2, y1, y2 ∈ N(x) such that

x1x2, y1y2 ∈ E(G), x1 andx2 (resp.y1 andy2) have at least two common neighbors in
G − N [x], andx1y1, x2y2 /∈ E(G) butN [x] + x1y1 + x2y2>K−

8 . Let u1, u2 ∈ V (K) be
two distinct common neighbors ofx1 andx2, andw1, w2 ∈ V (K) be two distinct common
neighbors ofy1 andy2, respectively. By Menger’s Theorem,K contains two disjoint paths
from {u1, u2} to {w1, w2}. ThusG has two disjoint paths with interiors inK, one with ends
x1, y1, and the other with endx2, y2. ThenG>K

−
8 by the existence of those two paths, a

contradiction.
SupposeN(x) = K3+C5. LetV (K3) = {a1, a2, a3} and letC5 have verticesy1, y2, y3,

y4, y5 in order. Letw ∈ V (G−N [x]). ThenG−N [x] − w is connected and each vertex
of N(x) is adjacent to at least one vertex ofG−N [x] −w. If w is adjacent to two vertices
of a1, a2, a3, saya1, a2, thenG>N [x]+ a1a2+ y1y2+ y2y3>K−

8 by contractingwa1 and
V (G−N [x]−w)ontoy2, respectively.Similarly, ifw is adjacent to twononadjacent vertices
of y1, y2, . . . , y5, sayy1, y2, thenG>N [x] + y1y2 + y2y3 + y3y4>K−

8 by contracting
wy1 andV (G − N [x] − w) onto y3, respectively. So we may assume that any pair of
nonadjacent vertices ofN(x) have no common neighbor inG − N [x]. By (2), there exist
w1, w2, w3, w4 ∈ V (G−N [x]) such thatwi is a commonneighbor ofy1 andai , i = 1,2,3,
andw4 a common neighbor ofy2 andy5. Since any pair of nonadjacent vertices ofN(x)
have no common neighbor inG − N [x], we havewi �= wj for i �= j . As G − N [x]
is 2-connected, there exist two disjoint paths, sayP1, P2, between{w1, w4} and{w2, w3}
in G − N [x]. We may assume thatP1 is aw1-w3 path. NowG>N [x] + a1a3 + y1y2 +
y1y5>K

−
8 by contractinga1w1, y1w2 and all but one of the edges of each ofP1, P2, a

contradiction.

Case2:G−N [x] is not 2-connected.
In this case,G−N [x] is connected. Letw be a cut-vertex ofG−N [x] and letH1 be a con-

nected component ofG−N [x] −w with N(H1)minimal, and letH2 = G−N [x] −H1.
Clearly,H2 is also connected. IfN(H1) ⊆ N(H2) or N(H2) ⊆ N(H1), say the latter.
ThenN(H1) = N(K) = N(x). By (6), there existse = ab ∈ E(N(H2)). By Corol-
lary 2.5, there existsu ∈ N(x) such thatN(x) + e − u>K−

6 . ThenG>K
−
8 by contract-

ing thea-b path inH2 and contractingV (H1) to u. So we may assume that there exist
a ∈ N(H1) − N(H2) andb ∈ N(H2) − N(H1). By (2), any two adjacent vertices in
N(x) have at least one common neighbor inG − N [x]. Thusab /∈ E(G), NN(x)(a) ⊆
N(H1) andNN(x)(b) ⊆ N(H2). SupposeN(x) ∈ {K2 + C6,K2,3,3}. Sinceab /∈ E(G),
there existx1, y1 ∈ NN(x)(a) andx2, y2 ∈ NN(x)(b) such thatx1y1, x2y2 /∈ E(G) but
N [x] + x1y1 + x2y2>K−

8 . ThenG>K
−
8 by the existence ofxi-yi path inHi , i = 1,2, a

contradiction. SupposeN(x) = K3 + C5. Let V (K3) = {a1, a2, a3} and letC5 have ver-
ticesy1, y2, y3, y4, y5 in order. If a, b ∈ {a1, a2, a3}, thenyi ∈ (NN(x)(a) ∩ NN(x)(b))
for all i = 1,2, . . . ,5. ThusG>K−

8 by contractingV (H1) to y1 and V (H2) to y2,
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respectively. So we may assume thata, b ∈ {y1, . . . , y5}, saya = y1 andb = y2. Clearly,
a1, a2, a3, y3, y4 ∈ N(H1) anda1, a2, a3, y4, y5 ∈ N(H2). By (2), y3 andy5 have at least
one common neighbor, sayy, in G − N [x]. We may assume thaty ∈ V (H1). Theny5 ∈
N(H1) and soG>K

−
8 by contractingV (H1) to y4 andV (H2) to a1, respectively, a contra-

diction. �
(11) Letx be a vertex such that 8�d(x)�10. Then there is no componentK of G−N [x]
such thatN(K ′) ⊆ N(K) for every componentK ′ of G−N [x].
Proof. Suppose such a componentK exists. Among all verticesx with 8�d(x)�10 for
which such a component exists, choosex to be of minimal degree. By (10),N(K) �=
N(x). Let y ∈ N(x) − N(K) be of smallest degree. ThenN(y) ⊆ N [x]. Note that
d(y)�d(x)�d(y)+2. Supposed(x) = d(y). Then each vertex ofN(x) is either adjacent
to all vertices inN [x] or contained inN(K), anddN(x)(y) = |N(x)|−1. By Corollary2.5,
N(x)>K−

6 ∪ K1. By contractingN(K) to a free vertex ofN(x), we obtainG>K−
8 , a

contradiction. Next, supposed(x) = d(y)+ 1. Let {z} = N(x)− N [y]. Thenz /∈ N(K),
for otherwise we would have choseny for x. By the choice ofy, d(z) = d(x) − 1. Thus
{z} is a component ofG−N [y] such thatN({z}) = N(y), which contradicts (10). Finally,
supposed(x) = d(y) + 2. Thend(x) = 10. Let {z,w} = N(x) − N [y]. Clearly,z and
w are not both inN(K), otherwise we would have choseny for x. So we may assume
that z /∈ N(K). If zw /∈ E(G), then {z} is a component ofG − N [y] such thatz is
adjacent to all the vertices inN(y), which contradicts (10). So wemay assumezw ∈ E(G),
and thusw /∈ N(K) (otherwise we would have choseny for x, becauseK ∪ {z,w} is
a component inG − N [y] satisfying (11)). By the choice ofy, d(z), d(w)�d(y). Now
e(N(x))�(d(y)−1)+(d(z)−2)+(d(w)−2)+1+ 4|N(x)∩N(y)|

2 �3d(y)−4+2(d(y)−1) =
5d(y) − 6 = 5(d(x) − 2) − 6 = 5d(x) − 16>9|N(x)|2 − 12. By Theorem 1.3,N(x)>K−

7
and soG>N [x]>K−

8 , a contradiction. �

It follows from (11) that

(12)G−N [x] is disconnected.
(13) Letx be a vertex such that 8�d(x)�10. Then there is no componentK of G−N [x]
with one vertexw so thatdG(y)�11 for every vertexy �= w in K anddG(w)�dG(x).

Proof. Assume that such a componentK exists. LetG1 = G−K andG2 = G[K∪N(K)].
Letd1 be defined as in the paragraph following (2). LetG′

2 be a graphwithV (G
′
2) = V (G2)

ande(G′
2) = e(G2) + d1 edges obtained by contracting edges inG1. By (9), |G′

2|�9. If
e(G′

2)>
11|G′

2|−35
2 , thenG>G′

2>K
−
8 by induction, a contradiction. Thuse(G2) = e(G′

2)−
d1� 11|G2|−35

2 − d1 = 11|N(K)|+11|K|−35
2 − d1. On the other hand, for anyu ∈ N(K), there

existsw ∈ K such thatuw ∈ E(G). By (2), dG2(u)�6. Thuse(G2)� 1
2(6× |N(K)| +

11(|K| − 1)+ dG(w))� 6|N(K)|+11|K|−11+d(x)
2 . It follows that

(13a) 5|N(K)|�24+ d(x)+ 2d1 and so|N(K)|�7 by (9).
Let t = eG(N(K),K) andd = �(N(K)). Thene(G2) = e(G[K]) + t + e(N(K))�

11(|K|−1)+dG(w)−t
2 + t + |N(K)|×d

2 � 11|K|−11+d(x)+t+|N(K)|×d
2 . It follows that
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(13b) −t+d(x)
2 �d1 + d(x) + 12+ d|N(K)|−11|N(K)|

2 �(|N(K)| − 1− d) + d(x) + 12+
d|N(K)|−11|N(K)|

2 = 11+ d(x)+ d(|N(K)|−2)
2 − 9|N(K)|

2 .

Note thatt�
∑
v∈K dG(v)−2e(G[K])�11(|K|−1)+d(w)−|K|(|K|−1)� −|K|2+

12|K| + d(x)− 11. If t�d(x)+ s, then
(13c)|K|2 − 12|K| + 11+ s�0.
By (10),N(K) �= N(x). This, together with (13a), implies that 7� |N(K)|�9. Thus

|K|�(�(G2) + 1) − |N(K)|�(11+ 1) − 9 = 3. We next show thatt�d(x) + s, where
s = 14.
By (2),d�5− (|N(x)| − |N(K)|). If |N(K)| = 7, by (6) and (13a), we haved1�1 and

d(x)+ 2d1�11. Thusd(x)�9 andd�5− (9− 7) = 3. By (13b),−t+d(x)2 �1+ d(x)+
12+ 3|N(K)|−11|N(K)|

2 � − 7. If |N(K)| = 8, thend(x)�10 andd�5− (10− 8) = 3. By

(13b),−t+d(x)2 �11+ d(x)+ d(|N(K)|−2)
2 − 9|N(K)|

2 �11+ d(x)+ 3×(8−2)
2 − 9×8

2 � −7. If
|N(K)| = 9, thend(x) = 10 andd�5− (10− 9) = 4. By (13b),−t+d(x)2 �11+ d(x)+
d(|N(K)|−2)

2 − 9|N(K)|
2 �11+d(x)+ 4×(9−2)

2 − 9×9
2 >−7. In all cases, we havet�d(x)+14

ands = 14.
Sinces = 14 and|K|�3, by 13(c),|K|>8. Note thate(G[K])� 11(|K|−1)+d(w)−t

2 �
11(|K|−1)

2 + −t+d(x)
2 � 11|K|−25

2 . It follows that G[K]>K−
8 by induction, a contra-

diction. �

By (9),G has a vertex of degree 8,9 or 10. Among the vertices of degree 8,9 or 10 for
which the order of the largest component ofG − N [x] is maximum, choosex so that its
degree is minimum. LetK be a largest component ofG−N [x].
By (12), there is another componentK ′ of G−N [x]. By (13), there is a vertexx′ in K ′

of degreedG(x′)�10. By the maximality of the order ofK,N(K) ⊆ N(x′) ∩N(x). Thus
N(K) ⊆ N(K ′) andK is also a component ofG−N [x′]. By the choice ofx, d(x′)�d(x).
By (13), there exists another vertexy′ �= x′ inK ′ of degreed(x)�d(y′)�10. Clearly,y′ is
adjacent to every vertex inN(K). By (11), there is a third componentK ′′ ofG−N [x]. By
symmetry,K ′′ has twoverticesx′′, y′′ ofdegreeatmost10 inGandN(K) ⊆ N(x′′)∩N(y′′).
LetG1 = G−K,G2 = G[N(K) ∪K] and letd1 andd2 be as in the paragraph following
(2).
Since�(N(x))�5, �(N(K))�5− (10− |N(K)|) = |N(K)| − 5. Therefore there is a

subgraphT of N(K) with |N(K)| − 5 vertices and at least|N(K)| − 6 edges. Contract the
vertices inN(K) − T with different vertices in{x, x′, y′, x′′, y′′}, which are adjacent to
every vertex inN(K). It is easy to see that

d1 + e(N(K))�e(K5)+ 5(|N(K)| − 5)+ (|N(K)| − 6) = 6|N(K)| − 21. (∗)

By (4),d1+ e(N(K))� 11|N(K)|−35−2d2
2 . It follows thatd2 = 1 and|N(K)| = 5. However,

when|N(K)| = 5, by (∗), d1+ e(N(K))�e(K5)+5(|N(K)|−5) = 5|N(K)|−15= 10.
By (4) again, 55= 11|N(K)|�35+ 2(d1 + e(N(K)) + 2d2�35+ 20+ 2 = 57, which
is impossible. This completes the proof of Theorem1.5. �
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Appendix. Proof of Lemma 2.4

Here we give a computer-free proof of Lemma2.4. We first prove two lemmas.

Lemma A.1. Let G be a graph on8 vertices. Letu,w ∈ V (G) be such thatd(u)�4,
d(w) = 7,andd(v)�5 for everyv �= u,w. ThenG>K−

6 ∪K1.

Proof. Supposed(u)�5. Then�(G)�5 and�(G) = 7. By Lemma 2.3,G>K−
6 ∪ K1.

So we may assume thatd(u) = 4. Thene(G)��4+7+5×62 � = 21. Note thate(G − u) =
e(G)− 4�17 andG− u has at most three vertices of degree 4. By Theorem 1.3, we have
G− u>K−

6 . �

Lemma A.2. Let G be a graph on 9 vertices. Letuw ∈ E(G) be such thatd(u) = 4,
d(w)�7 andd(v)�5 for everyv �= u,w. ThenG>K−

6 ∪K1.

Proof. SupposeG is not contractible toK−
6 ∪K1.We may assume thatG is edge minimal.

We claim thatd(w) = 7. Supposed(w) = 8. Since the number of odd vertices of any graph
is even, there exists another vertex, sayv ∈ V (G), such thatd(v)�6. Clearly,vw ∈ E(G)
anddG−vw(w)�7, dG−vw(u) = 4, dG−vw(v)�5 for anyv �= u,w, which contradicts the
fact thatG is edge minimal. Henced(w) = 7, as claimed.
We first show thatG is 4-connected. LetSbe a minimal separating set ofGwith |S|�3.

Since|G| = 9 andd(v)�5 for anyv �= u,w, we have|S| = 3. LetH1 andH2 be the two
connected components ofG − S. Then|H1| = |H2| = 3. We may assume thatH1 = K3
and each vertex ofH1 is adjacent to all vertices ofS. Note that there exists a vertex, say
a ∈ V (H2), adjacent to all vertices inS. Let b ∈ S. NowG/ab − V (H2 − a)>K−

6 . This
proves thatG is 4-connected.
Sinceuw ∈ E(G), letV (N(u)) = {w, a, b, c}andA = V (G)−V (N [u]) = {d, e, f, g}.

We next prove the following claim.

Claim. For anyv ∈ {a, b, c}, if vw ∈ E(G), thendN(u)(v)�2.

Proof. Suppose otherwise. We may assume thataw ∈ E(G) andab, ac /∈ E(G). Letw′
be the new vertex inG/ua. ThendG/ua(w) = 6, dG/ua(w′)�6 andww′ ∈ E(G). Note
that�(G/ua − ww′)�5. By LemmaA.2,G/ua>K−

6 ∪K1. �

Suppose thatw is adjacent to all vertices ofA. SincedG(w)=7, we may assume that
cw /∈ E(G). If ca /∈ E(G) ordG(a)�6, then�(G/uc) = 7,dG/uc(b)�4 anddG/uc(v)�5
for anyv ∈ V (G/uc−b). By LemmaA.1,G/uc>K−

6 ∪K1.Henceca ∈ E(G)anddG(a) =
5. Similarly, cb ∈ E(G) anddG(b) = 5. Note thateG(v, {a, b, c})�1 for anyv ∈ A. If
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G[A] = K4 orK−
4 , thenG/ac/bc − u>K−

6 . So we may assume thate(G[A])�4. Thus
eG(A,N(u))�20−2e(G[A])�12andeG({a, b, c}, A) = eG(A,N(u))−eG(w,A)�12−
4 = 8. Note thatdG(a) = dG(b) = 5. It follows thatab /∈ E(G) andc is adjacent to all
vertices ofA. HencedG(c) = 7,dG(v) = 5 for anyv ∈ A, ande(G[A]) = 4. SoG[A] = C4
or K1 + (K2 ∪ K1). In the first case, we may assume thatG[A] has verticesd, e, f, g in
order andad ∈ E(G). Then by symmetry, eitheraf ∈ E(G) or ae ∈ E(G). If af ∈ E(G),
thenbe, bg ∈ E(G) and soG/ad/be−u = K−

6 . If ae ∈ E(G), thenbf, bg ∈ E(G) and so
G/uw/de−a = K−

6 . In the second case, wemay assume thated, ef, eg, fg ∈ E(G). Then
d is adjacent to all vertices ofN(u). Note that eitheraf, bg ∈ E(G) or ag, bf ∈ E(G).
In either case,G/da/db − u>K−

6 . This proves the case whenw is adjacent to all vertices
of A.
Supposew is adjacent to all vertices ofN(u). Then dG(w,A) = 3. By Claim,

�(G[{a, b, c}])�1. We may assume thatab, bc ∈ E(G). Note thateG(v, {a, b, c})�1 for
anyv ∈ A. If G[A] = K4, thenG/ab/bc−u>K−

6 . So wemay assume thate(G[A])�5. It
follows thateG(A,N(u))�20−2e(G[A])�10 and soeG({a, b, c}, A) = eG(A,N(u))−
eG(w,A)�10− 3= 7. Thusca /∈ E(G) (otherwise, sinceG is edge minimal, at most one
of a, b, c could be of degree>5, and soe({a, b, c}, A)�4+ 1+ 1 = 6, a contradiction).
If a is adjacent to all vertices ofA, then�(G/uc) = 7, dG/uc(b) = 4 anddG/uc(v)�5 for
anyv ∈ V (G/uc− b). By LemmaA.1,G/uc>K−

6 ∪K1. Hencea, similarly c, is adjacent
to at most three vertices ofA. ThuseG(N(u),A)�3+ 3+ 1+ 3 = 10�eG(A,N(u)).
It follows thatG[A] = K−

4 , a (resp.c) is adjacent to exactly three vertices ofA andb is
adjacent to exactly one vertex ofA, all vertices ofA are of degree five. SinceG[A] = K−

4 ,
we may assume thatde /∈ E(G). Note thateG(b,A) = 1, we may assume thatbe /∈ E(G).
Thenew, ea, ec ∈ E(G). Observe thateG(d,N(u)) = 3 and ifv ∈ N(u) is not adjacent
to d, thenvf ∈ E(G) or vg ∈ E(G), say the later. Clearly,G/ae/dg − f>K−

6 . �

Proof of Lemma 2.4.We may assume thatG is minor minimal subject to�(G)�5 and
|G|�9. If �(G)�6, by Theorem2.1,G>K−

6 ∪K1. So we may assume that�(G) = 5.We
first prove two claims.

Claim 1. Every edge of G is in at least two triangles.

Proof. Supposee = uv ∈ E(G) is in at most one triangle inG. Letw be the new vertex
in G/e. ThendG(w)�7, anddG(y)�4, wherey is the common neighbor ofu andv in G.
Clearly,wy ∈ E(G/e) anddG/e(v)�5 for anyv �= w, y. SinceG is minor minimal, by
Lemmas A.1 and A.2,G>G/e>K−

6 ∪K1. �

Claim 2. There is no edge of G with both ends of degree at least six in G.

Proof. Supposee = uv ∈ E(G) is such thatd(u), d(v)�6. Then�(G−e)�5 and|G|�9,
which contradicts the fact thatG is minor minimal. �

We next show thatG is 4-connected. LetSbe a minimal separating set ofGwith |S|�3.
Let H1 be a component ofG − S with minimal order andH2 = G − S − H1. If |S|�2,
then, since�(G)�5, |H1|, |H2|�4, and hence|S| = 2,H1 andH2 are isomorphic toK4,
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because|G|�10. But then, clearly,G>K−
6 ∪ K1. Suppose|S| = 3. ThenH1 = K3 and

3� |H2|�4. Note that every vertex ofH1 is adjacent to every vertex ofS. If there is a vertex
b ∈ V (H2) such thatb is adjacent to all vertices inS, thenG/ab−V (H2− b)>K−

6 , where
a ∈ S. OtherwiseH2 = K4. By the minimality of|S|,Ghas a matching fromSintoH2. By
contracting this matching, it follows thatG>K−

6 ∪K1. This shows thatG is 4-connected.
Since�(G) = 5, letx ∈ V (G) be such thatd(x) = 5. We may assume thatV (N(x)) =

{a, b, c, d, e} andA = V (G)− V (N [x]) = {y1, y2, . . . , y|G|−6}.

Claim 3. N(x) contains no subgraph isomorphic toK2,3.

Proof. Suppose thatN(x) has a subgraphH isomorphic toK2,3. We may assume that
dH (a) = dH (e) = 3 anddH (b) = dH (c) = dH (d) = 2. Suppose that there exists a vertex
of A, sayy1, such thaty1b, y1c, y1d ∈ E(G). If G[{b, c, d}] �= K3, saybc ∈ E(G), then
G/y1d − y2>K−

6 . So we may assume thatG[{b, c, d}] = K3. If two of b, c, d, sayb, c,
have a common neighbor, sayy2, ofA−y1 inG, thenG/by2/dy1−y3>K−

6 . It follows that
any two vertices ofb, c, d have no common neighbors inA, thus there is a matchingM from
{b, c, d} intoA− y1 = {y2, y3, y4}, andV (M)∩A is not a stable set inG. We may assume
thaty2y3 ∈ E(G) andby2, cy3 ∈ M. NowG/by2/y2y3/dy1 − y4>K−

6 . This proves that
there is no vertex ofA adjacent to allb, c, d in G. Next, suppose thatG[{b, c, d}] induces
at least two edges, saybc, cd ∈ E(G). We may assume thatbd, ae /∈ E(G), otherwise
N [x]>K−

6 .Amonga, b, d, e, by Claim 2, wemay assume thatdG(e) = 5. Letey1 ∈ E(G).
If cy1 /∈ E(G), by Claim 1,�(N(e))�2. Thusby1, dy1 ∈ E(G) and soG/by1− y2>K−

6 .
It follows thatcy1 ∈ E(G). ThendG(c)�6. By Claim 2,dG(a) = dG(b) = dG(d) = 5. By
Claim 1 and the symmetry ofbandd, we may assume thatby1 ∈ E(G). Thendy1 /∈ E(G),
otherwisey1 is adjacent to allb, c, d in G. Similarly, letdy2 ∈ E(G). Thency2 ∈ E(G)
andby2, ey2 /∈ E(G). Thusay2 ∈ E(G). Now y3 is only adjacent toc, y1, y2, y4, which
contradicts the fact thatdG(y3)�5. This proves thatG[{b, c, d}] contains at most one edge.
We may assume thatbc, bd /∈ E(G).
Suppose thatdG(a), dG(e)�6.Then�(G/xb)�5.SinceG isminorminimal,wehave|G|

= 9. Letw be the new vertex inG/xb. ThendG/xb(w)�6. If dG/xb(a)�6 ordG/xb(e)�6,
say the latter, then�(G/xb − ew)�5. By Lemma2.3,G/xb>K−

6 ∪ K1. It follows that
dG(a) = dG(e) = 6. Since|G| = 9 and the number of odd vertices of a graph is even, there
exists a vertex ofA, sayy1, such thatdG(y1)�6. ThendG/xb(y1)�6 andwy1 ∈ E(G/xb).
Now �(G/xb − wy1)�5. By Lemma 2.3,G/xb>K−

6 ∪K1. Consequently,dG(a) = 5 or
dG(e) = 5. We may assume thatdG(a) = 5. If ae ∈ E(G), then, sinceG is 4-connected,e
has at least one neighbor inA. It follows thatdG(e)�6 and sodG(b) = dG(c) = dG(d) = 5.
Now x andb have exactly two common neighborsa ande inG. If dG(e)�8, then inG/xb,
�(G/xb)�7, dG/xb(a) = 4 anddG/xb(v)�5 for anyv ∈ V (G/xb − a). By Lemmas A.1
and A.2,G/xb>K−

6 ∪K1. So we may assume thate is adjacent to at most two vertices of
A inG. TheneG(N(x),A)�8. It follows thateG(N(x),A) = 8, |A| = 4,G[A] = K4, and
G[{b, c, d}] = K3.We may assume thatby1, cy4 ∈ E(G). ThenG/by1/y1y2/y2y3− y4 =
K−
6 . Henceae /∈ E(G). Let ay1 ∈ E(G). Thencd ∈ E(G), otherwise, by Claim 1,

�(N(a))�2, but theny1 is adjacent to allb, c, d inG. Again, by Claim 1,y1b ∈ E(G). By
symmetry ofc andd, we may assume thatcy1 ∈ E(G) and sody1 /∈ E(G) (otherwisey1
is adjacent to allb, c, d). Let dy2 ∈ E(G). Thenay2 /∈ E(G) andy2 is adjacent to at most
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one ofbandc inG. It follows that eithery2y1 ∈ E(G) (in this caseG/by1/y1y2−y3>K−
6 )

or y2y3, y2y4 ∈ E(G) andy1 is adjacent to at least one ofy3, y4, sayy3 (in this case
G/by1/y1y3/y3y2 − y4>K−

6 ). �

Claim 4. N(x) contains no subgraph isomorphic toK1 + (K2 ∪K2).

Proof. Suppose thatN(x) has a subgraphH isomorphic toK1+(K2∪K2).Wemay assume
thatdH (c) = 4, andab, de ∈ E(H). By Claim 3, there exists at most one edge between
{a, b} and{d, e} in G. Suppose such an edge exists. By symmetry, we may assume that
ad ∈ E(G). By Claim 2, we may assume thatdG(a) = 5. Letay1 ∈ E(G). By Claim 1,
�(N(a))�2. By Claim 3, wemay assume thatcy1 ∈ E(G). It follows thatdG(c)�6 and by
Claim 2,dG(b) = dG(d) = dG(e) = 5. If eG(c,A)�3, thendG/xe(c)�7, dG/xe(d) = 4
anddG/xe(v)�5 for anyv �= e. By Lemmas A.1 and A.2,G>G/xe>K−

6 ∪ K1. Hence
eG(c,A)�2. By counting the number of edges betweenN(x) andA in G, it follows that
eG(A,N(x)) = 8 andG[A] = K4. Let byi, eyj ∈ E(G), whereyi, yj , y1 could be the
same. Clearly,G/eyj/yjyi/yiy1−(A−{y1, yi, yj }) = K−

6 . This shows that there exists no
edge between{a, b} and{d, e} inG. By Claim 2, we may assume thatdG(b) = dG(e) = 5.
Let by1, by2 ∈ E(G).
Suppose thatdG(c) = 5. Then by Claim 1,y1y2, ay1, ay2 ∈ E(G). Let yi, yj be the

two neighbors ofe in A. By Claim 1,yiyj , dyi, dyj ∈ E(G). If yi = y1 andyj = y2,
thenG/ey1/dy2 − y3>K−

6 . If yi = y1 andyj �= y2, we may assume thatyj = y3. Then
G/ey1/ay3 − y2>K−

6 if ay3 ∈ E(G) orG/ey1/dy2 − y3>K−
6 if dy2 ∈ E(G). It follows

thatG[A] = K4. NowG/ey1/ay2/y2y3 − y4>K−
6 . Hence, by symmetry, we may assume

that yi, yj �= y1, y2 and soey3, ey4 ∈ E(G). Clearly,G>K−
6 ∪ K1 or G is isomorphic

to J. This proves thatdG(c)�6. By Claim 2,dG(a) = dG(b) = dG(d) = dG(e) = 5.
If dG(c)�8, thendG/xa(c)�7, dG/xa(b) = 4 anddG/xa(v)�5 for any v �= c, b. By
Lemmas A.1 and A.2,G/xa>K−

6 ∪ K1. It follows that 6�dG(c)�7. Sinceby1, by2 ∈
E(G), by the symmetry ofa, b, d, e, we may assume thatcy1 /∈ E(G). By Claim 1,
y1y2, ay1 ∈ E(G).
Supposeey1 ∈ E(G). By Claim 1, dy1 ∈ E(G). If dy2 ∈ E(G) or ey2 ∈ E(G),

say the latter, thenG/ay1/by2 − y3>K−
6 . So we may assume thatdy2, ey2 /∈ E(G). Let

ey3 ∈ E(G). By Claim 1,y1y3 ∈ E(G). By symmetry ofa, b, d, e, ay3, by3 /∈ E(G). If
|A| = 3, then by Claim 1,cy2, cy3, ay2, dy3, y2y3 ∈ E(G) and soG/xd/y2y3− e = K−

6 .
If |A| = 4, sincey4 is adjacent to at least two vertices other thanb, e of H, we may
assume thatay4 ∈ E(G). ThenG/ay4/by1 − {y2, y3} = K−

6 if dy4 ∈ E(G), otherwise
y3y4 ∈ E(G) andG/by1/ey3/y3y4−y2 = K−

6 . This proves thatey1 /∈ E(G) and similarly,
dy1 /∈ E(G). Thusy1yi ∈ E(G), i = 2,3,4, anddG(y1) = 5.We claim thatG[A] = K4. If
ay2 ∈ E(G), by Claim 1,�(N(y1))�2 and soG[A] = K4. If ay2 /∈ E(G), wemay assume
thatay3 ∈ E(G). By Claim 1,�(N(b))�2 and socy2, cy3 ∈ E(G). SincedG(c)�7, we
havecy4 /∈ E(G) and soy4 is adjacent tod, e, y1, y2, y3. Then eitherG[A] = K4 ory2y3 /∈
E(G) (in this case, we may assume thatey3 ∈ E(G). ThenG/by1/y1y4/ey3− y2 = K−

6 ).
HenceG[A] = K4, as claimed. SinceeG(N(x),A)�9, there exists a vertexyi ∈ A such
thatdG(yi)�6. Note thatdG(y1) = 5, we haveyi �= y1. By Claim 2,cyi /∈ E(G) and so
eG(yi, {a, b, d, e})�3. Sincey1e, y1d /∈ E(G), leteyj , dyk ∈ E(G), whereyj , yk �= yi . If
yi �= y2, thenG/ayi/by1/y1yj>K−

6 ∪K1. So wemay assume thatyi = y2. If ay2 /∈ E(G),
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thenG/by2/ay1/y1yj>K
−
6 ∪K1. If ay2 ∈ E(G), we may assume thatey2 ∈ E(G). Then

G/ey2/by1/y1yk>K
−
6 ∪K1. �

By Claim 1,�(N(x))�2. Hence, by Claims 3 and 4,N(x) is isomorphic to eitherC5 or
C5 with exactly one chord.

Suppose thatN(x) is isomorphic toC5 andN(x) has verticesa, b, c, d ande in order.
By Claim 2,N(x) contains at most two vertices of degree�6. Suppose thatN(x) contains
exactly two vertices of degree�6, sayb and d. Then�(G/xc)�5. SinceG is minor
minimal, we have|G| = 9, dG(b) = dG(d) = 6, and by Claim 2,dG(v) = 5 for any
v ∈ V (G − {b, d}), which contradicts the fact the number of odd vertices ofG is even.
This implies thatN(x) contains at most one vertex of degree greater than five (we may
assumedG(e)�6 if such a vertex exists). ThusdG(a) = dG(b) = dG(c) = dG(d) = 5. Let
cy1, cy2 ∈ E(G). By Claims 3 and 4,N(c) contains no subgraph isomorphic toK2,3 and
K1 + (K2 ∪K2). Thus by Claim 1,y1y2 ∈ E(G). We may assume thatby1, dy2 ∈ E(G).
Thenby2, dy1 cannot be both inE(G), otherwiseN(c)>K2,3.

Supposeby2, dy1 /∈ E(G). SincedG(b) = 5, letby3 ∈ E(G). By Claim 1,ay3, y3y1 ∈
E(G). We claim thatdy3 /∈ E(G). Supposedy3 ∈ E(G). By Claim 1,y3y2, ey3 ∈ E(G).
ThusdG(y3)�6 and sodG(e) = dG(y1) = dG(y2) = 5. If |A| = 3, by Claim 1,ay1, ey2 ∈
E(G). Clearly,G/xb/y1y2 − c>K−

6 . If |A| = 4, theny4 is adjacent toa, e, y1, y2, y3,
and soG/by3/ay4/y4y2 − y1 = K−

6 . This proves thatdy3 /∈ E(G). SincedG(d) = 5,
let dy4 ∈ E(G). Then by Claim 1,ey4, y2y4 ∈ E(G). If ay4 /∈ E(G), thendG(y4) = 5
andy4y1, y4y3 ∈ E(G). By Claim 1,�(N(y4))�2 and soey3 ∈ E(G). Note thata is
adjacent to exactly one vertex of{y1, y2}. NowG/ay1/by3/cd − y2 = K−

6 if ay1 ∈ E(G)
or G/xc/xe/ay2 − d = K−

6 if ay2 ∈ E(G). This proves thatay4 ∈ E(G). By Claim 1,
�(N(a))�2 and soy3y4 ∈ E(G). Clearly,y1y4 /∈ E(G) (otherwisedG(y4)�6 and so by
Claim 2,e is adjacent to exactly one ofy2 andy3, sayy2. ThendG(y3) = 4, which is a
contradiction). It follows thatey1 ∈ E(G) anddG(y1) = 5. By Claim 1,�(N(y1))�2, we
haveey2, ey3 ∈ E(G). NowG/xa/xc/y3y4 − b = K−

6 .

Supposeby2 /∈ E(G) but dy1 ∈ E(G). SincedG(b) = 5, let by3 ∈ E(G). By Claim
1, ay3, y3y1 ∈ E(G). Suppose|A| = 4. Theny4 is adjacent toa, e, y1, y2, y3. Then
dG(y1)�6. By Claim 2,dG(y2) = dG(y3) = 5. By Claim 1,�(N(y4))�2, we have
ey2, ey3 ∈ E(G). NowG/ab/cy2/dy1−y3 = K−

6 . So we may assume that|A| = 3. Since
cy3, dy3 /∈ E(G), it follows thatdG(y3) = 5 andy3e, y3y2 ∈ E(G). By Claim 1,ey2 ∈
E(G). Note thata is adjacent to exactly one vertex ofy1, y2. NowG/xa/y2y3/− e = K−

6
if ay1 ∈ E(G) orG/xa/y1y3 − b = K−

6 if ay2 ∈ E(G).
Finally, assume thatdy1 /∈ E(G) but by2 ∈ E(G). SincedG(d) = 5, letdy3 ∈ E(G).

By Claim 1,ey3, y3y2 ∈ E(G). Suppose|A| = 4. Theny4 is adjacent toa, e, y1, y2, y3.
Thus dG(y2)�6. By Claim 1,�(N(y4))�2 and soay1 ∈ E(G). SincedG(y2)�6, by
Claim 2,y3 is only adjacent tod, e, y2, y4, which contradicts the fact thatdG(y3)�5. So
we may assume that|A| = 3. Sincecy3, by3 /∈ E(G), it follows that dG(y3) = 5 and
y3a, y3y1 ∈ E(G). Supposeay1 ∈ E(G). By Claim 2,e is adjacent to exactly one vertex
of y1, y2. ThusG/xe/y2y3/ − d = K−

6 if ey1 ∈ E(G) or G/xe/y1y3 − a = K−
6 if

ey2 ∈ E(G). Supposeay1 /∈ E(G). Theney1, ay2 ∈ E(G). NowG/ay2/ey1 − y3 = K−
6 .

This completes the proof thatN(x) is isomorphic toC5.
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It remains to consider the case whenN(x) is isomorphic toC5 with exactly one chord.
We may assume thatE(N(x)) = {ab, bc, cd, de, ea, be}. By Claim 2, one ofb ande, say
e, is of degree five inG. Let ey1 ∈ E(G). By Claim 1,�(N(e))�2 and sody1 ∈ E(G).
Supposeay1, by1 ∈ E(G).We claim thatdG(a)�6. SupposedG(a) = 5. Letay2 ∈ E(G).
By Claim 1,�(N(a))�2 and soby2, y2y1 ∈ E(G). It follows thatN(a)>K1+ (K2∪K2),
which contradicts Claim 4. HencedG(a)�6, as claimed. By Claims 1 and 2,dG(b) = 5
andcy1 ∈ E(G). But nowN(b)>K2,3, which contradicts Claim 3. This proves that at most
one ofby1, ay1 are inE(G).
Supposeby1 ∈ E(G) but ay1 /∈ E(G). If dG(b) = 5, since�(N(b))�2, cy1 ∈ E(G).

By Claim 1, �(N(a))�2. Henceayi ∈ E(G), i = 2,3,4, andG[{y2, y3, y4}] = K3.
Since there is no edge between{b, e} and{y2, y3, y4} in G, eG({y2, y3, y4}, {c, d, y1})�6.
However, by Claim 2,eG({c, d, y1}, {y2, y3, y4})�5, which is a contradiction. So we may
assume thatdG(b)�6. By Claim 2,dG(a) = 5. Let ay2, ay3 ∈ E(G). By Claim 1,
�(N(a))�2 and soy2y3, by2, by3 ∈ E(G). ThenN(a)>K1 + (K2 ∪ K2), which con-
tradicts Claim 4.
Finally, supposeay1 ∈ E(G) but by1 /∈ E(G). We claim thatdG(d)�6. Suppose

dG(d) = 5. Letdy2 ∈ E(G). We may assume thatN(d) �= C5. By Claim 1,�(N(d))�2
and soy1y2, cy1, cy2 ∈ E(G). It follows thatG/ay1/by2 − y3>K−

6 if by2 ∈ E(G) or
G/ay2/ey1 − y3>K−

6 if ay2 ∈ E(G). So we may assume thatay2, by2 /∈ E(G). Then
y2y3, y2y4 ∈ E(G). Sinceby1, by2 /∈ E(G), we may assume thatby3 ∈ E(G). Now
G/ay1/by3/y3y2 − y4 = K−

6 . This proves thatdG(d)�6. By Claim 2,dG(c) = 5 and so
dG(b)�6 (otherwise, by symmetry ofb ande, dG(c)�6). Now �(G/xc)�5. SinceG is
minor minimal, we have|G| = 9. Letw be the new vertex inG/xc. ThendG/xc(w)�6.
If dG/xc(b)�6 or dG/xc(d)�6, say the latter, then�(G/xb − dw)�5. By Lemma2.3,
G/xc>K−

6 ∪ K1. It follows thatdG(b) = dG(d) = 6. Since|G| = 9 and the number of
odd vertices ofG is even, there exists a vertex, sayy1, of A such thatdG(y1)�6. Note
thatdG/xc(y1)�6 andy1c ∈ E(G). Now y1w ∈ E(G/xc) and�(G/xc − y1w)�5. By
Lemma 2.3,G/xc>K−

6 ∪K1. �
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