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Planar Turan number and planar anti-Ramsey
number of graphs*
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Abstract  The planar Turdn number of a graph G, denoted ex,(n,G), is the
maximum number of edges in a planar graph on n vertices without containing G as a
subgraph. Given a positive integer n and a plane graph H, let 7, (H) be the family of all
plane triangulations 7" on n vertices such that 7" contains H as a subgraph. The planar
anti-Ramsey number of H, denoted ar, (n, H), is the maximum number k such that no
edge-coloring of any plane triangulation in 7, (H) with k colors contains a rainbow copy of
H. The study of these two topics was initiated around 2015, and has attracted extensive
attention. This paper surveys results about planar Turdn number and planar anti-Ramsey
number of graphs. The goal is to give a unified and comprehensive presentation of the
major results, as well as to highlight some open problems.
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All graphs considered in this paper are finite and simple. We use P,,, C), and Kj ,_1
to denote the path, cycle and star on n vertices, respectively. The join G+ H (resp. union
G U H) of two vertex-disjoint graphs G and H is the graph having vertex set V(G) UV (H)
and edge set E(G) U E(H) U {zy|z € V(GQ),y € V(H)} (resp. E(G)U E(H)). For a
positive integer ¢ and a graph G, we use tG to denote disjoint union of ¢ copies of G; G the
complement of G; |G| the number of vertices of G; and e(G) the number of edges of G. For
any positive integer k, we define [k] := {1,2,--- ,k}.

Let F be a family of graphs. A graph is F-free if it does not contain any graph in F
as a subgraph. When F = {F} we write F-free. One of the best known results in extremal
graph theory is Turdn’s Theorem!!!, which gives the maximum number of edges that a Kj-
free graph on n vertices can have. The celebrated Erdés-Stone Theorem!?! then extends this
to the case when K, is replaced by an arbitrary graph H with at least one edge, showing
that the maximum number of edges possible is (1 + 0(1))(§§§;:?) (3), where x(H) denotes
the chromatic number of H. This latter result has been called the “fundamental theorem
»[3]

of extremal graph theory Turan-type problems when host graphs are hypergraphs are
notoriously difficult. A large quantity of work in this area has been carried out in determining
the maximum number of edges in a k-uniform hypergraphs on n vertices without containing
k-uniform linear paths and cycles (see, for example, [4-6]). Surveys on Turdn-type problems
of graphs and hypergraphs can be found in [7] and [8].

Dowdenl®! in 2016 initiated the study of Turdn-type problems when host graphs are
planar graphs, i.e., how many edges can an F-free planar graph on n vertices have? The
planar Turdn number of F, denoted ex,(n,F), is the maximum number of edges in an
F-free planar graph on n vertices. When F = {F} we write ex,, (n, F). Dowden!®) observed
that it is straightforward to determine the exact values of ex, (n, H) when H is a complete
graph or non-planar graph: for all n > 4, the planar graph Ky + K, _, is Ks-free and so
ex,(n,H) = 2n — 4; for all n > 6, the planar triangulation 2K + C,_2 is Ky-free. Hence,
ex, (n, H) = 3n—6 for all graphs H which contains Ky as a subgraph and n > max{|H|, 6}.
In particular, ex, (n, K5 ) = 3n — 6 for all n > 6, where K, denotes the graph obtained
from the complete graph K, by deleting one edge. There are now a variety of papers mainly
focusing on the planar Turdn number of paths, cycles, Theta graphs and graphs H with
ex,(n, H) = 3n — 6.

Motivated by anti-Ramsey number introduced by Erdés, Simonovits and S6s!'% in 1975,
Horndk, Jendrol’, Schiermeyer and Sotdk!'!l (under the name of rainbow numbers) in 2015
initiated study of the anti-Ramsey problem when host graphs are plane triangulations. A
subgraph of an edge-colored graph is rainbow if all of its edges have different colors. Let F
be a family of planar graphs. For the purpose of this paper, we call an edge-coloring that
contains no rainbow copy of any graph in F an F-free edge-coloring. Let n,. be the smallest
integer such that for any n > n ., there exists a plane triangulation on n vertices that is not
F-free. Such an integer n, is well-defined, because for any ' € F, we can obtain a plane
triangulation from a plane drawing of F' by adding a new vertex to each face of size at least
four of F' and then joining it to all vertices on the boundary of such a face. For each integer
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n = n,, let T, (F) be the family of all plane triangulations T" on n vertices such that 7" is not
F-free. The planar anti-Ramsey number of F, denoted ar,, (n, F), is the maximum number
of colors in an F-free edge-coloring of any plane triangulation in 7,,(F). When F consists of
a single graph H, we write n,,, ar,(n, H) and ez, (n, H) instead of n_,,,, ar, (n, {H}) and
ex, (n,{H}). It is easy to see that ar, (n,F) < 3n — 6, and this problem becomes trivial if
the host plane triangulation on n vertices is F-free, because 3n — 6 colors can be used.

Analogous to the relation between anti-Ramsey number and Turdn number proved in
[10], the planar Turdn number is closely related to the planar anti-Ramsey number of graphs,
as was observed by Lan, Shi and Song in [12]. We recall the proof here.

Proposition 11'2  Given a planar graph H and a positive integer n > Ny,
1+ex,(n,H) <ar,(n,H) <ex,(n,H),
where H={H —e: ec E(H)}.

Proof Given an edge-coloring ¢ of a host graph T in 7, (H), we define a representing
graph of ¢ to be a spanning subgraph R of T obtained by taking one edge of each color
under the coloring ¢ (where R may contain isolated vertices). It is easy to check that, if
c is an H-free edge-coloring of T, then R is H-free. Thus ar,(n,H) < ex,(n, H) for any
n > n,. Next, let G be an H-free plane subgraph of a plane triangulation T € T, (H) with
e(@) = ex,(n, H). We then obtain an H-free edge-coloring of T' by coloring the edges of G
with distinct colors and then coloring the edges in E(T) \ E(G) with a new color. Hence,
1+ex,(n,H)<ar,(n,H) for any n > n,,. O

This paper surveys results about planar Turan number of graphs and planar anti-
Ramsey number of graphs in Section 2 and Section 3, respectively. The goal is to give a
unified and comprehensive presentation of the major results, as well as to highlight several
open problems. We also collect recent results on counting subgraphs in planar graphs in
Section 4.

1 Planar Turan number of graphs

How many edges can an H-free planar graph on n vertices have? Since 2016, this topic
has attracted extensive attention. In this section, we collect all results on planar Turan
number of graphs. We begin with results in [13] on graphs H satisfying ex,, (n, H) = 3n —6,
which demonstrate that it is quite non-trivial to determine ez, (n, H) when H is a planar
subcubic graph. Furthermore, the present authors!!'3 discovered that the chromatic number
of H does not play a role in ez (n, H), as it does in the celebrated Erdds-Stone Theorem.

1.1 Graphs H with ex,(n,H) =3n —6

Before we state the main results, we need some definitions. For a graph G and v €
V(G), we use x(G) and A(G) to denote the chromatic number and maximum degree of G,
respectively; Ng(v) denotes the set of neighbors of v. Let Ng[x] = Ng(x) U {z}. A vertex
is a k-vertex in G if it has degree k. We use n, (G) to denote the number of k-vertices in G.
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For any set S C V(G), the subgraph of G induced on S, denoted G[S], is the graph with
vertex set S and edge set {xy € E(G) : x,y € S}. We denote by G \ S the subgraph of G
induced on V(G) \ S.

As mentioned in the Introduction, ex, (n, H) = 3n — 6 for all graphs H which contains
K4 as a subgraph and n > max{|H|,6}. Lan, Shi and Song['®! established several sufficient
conditions for all Ky-free planar graphs H with ez, (n, H) = 3n — 6.

Theorem 1031 Let H be a K4-free planar graph and let n > |H| be an integer. Then
ex, (n, H) = 3n — 6 if one of the following holds.

(a) x(H) =4 andn > |H| + 2,

(b) A(H) 27,

(¢c) A(H) =6 and either ng(H)+n,(H) 22 orng(H)+n,(H)=1 and n,(H) > 5,

(d) A(H) =5 and either H has at least three 5-vertices or H has ezactly two adjacent
5-vertices,

() A(H)=4 andn,(H) 21,

(f) H is 3-reqular (except for the case |H| = 6 and n < 9) or H has at least three
vertex-disjoint cycles or H has exactly one vertex u of degree A(H) € {4,5,6} such that
A(H[N(u)]) = 3,

(g) 0(H) > 4 or H has exactly one vertex of degree at most 3.

A
A

Theorem 1 implies that ez, (n,H) = 3n — 6 for all H with n > |H| + 2 and either
X(H) =4 or x(H) =3 and A(H) > 7. Note that both K, and K; 4+ 2K> have chromatic
number 3. Theorem 8(a) and Theorem 2(c) (see below) then demonstrate that the chromatic
number of H does not play a role in ex,(n, H), as it does in the celebrated Erdés-Stone
Theorem.

By Theorem 1, ex,, (n, H) remains unknown for Ky-free planar graphs H with A(H) =
6, ng(H)+n,(H)=1and n,(H) < 4;or A(H) =5 and n,(H) < 2 (and the two 5-vertices
are not adjacent when n (H) = 2); or A(H) = 4 and n,(H) < 6; or A(H) < 3. It seems
quite hard to determine ez, (n,H) when H is planar subcubic graph. In particular, by
Theorem 1(f), ex,(n, H) remains unknown for Ky-free planar graphs H with exactly one
vertex, say u, of degree A(H) < 6 and A(H[N(u)]) < 2. It seems quite non-trivial to
determine ez, (n, H) for all such H. Let W, := Ky + C}, the wheel on k+ 1 > 5 vertices.
Unlike the classic Turdn number of Wy, (see [14,15] for more information), the planar Turdn
number of Wy, can be completely determined. Moreover, the exact values of ex, (n, K1 k)
have also been settled completely. We summarize all other results from [13] in Theorem 2.

Theorem 23] Let n, k and t be positive integers.
(a) Fornzk+12>5,

3n—6, ifk>6, ork=5andn#7, ork=4andn > 12,
ex,(n, K1 +C;)=1< 3n—7, ifk=4and ne {56}, ork=5andn=71,
3n—8, ifk=4and7<n<11.



204 LAN Yongxin, SHI Yongtang, SONG Zixia Vol.25

(b) Forn>t+1>4,

3n — 6, ift>=7 ort=6andn € {7,8,9,10,12},
3n—1, if t=6and n=11,
ery(n, Kit) =4 3p -8, if t=06 and n € {13,14}, or t=5 and n =171,

t—1
{(Z)HJ’ ifte{3,4}, ort=5and n#7, or t =6 and n > 15.

(¢) Forn =25, 2n—3 < ex,(n, K1 +2K3) < 197" —4. Furthermore, ex,, (n, K1 +2K3) =
1%" — 4 if and only if n is divisible by 8. ]
(d) For alln > 15, | %] < ex,(n, K1 + 3K3) < 1% — 4. Furthermore,
3n—6, if ne{7,89,10,12},
er,(n, K1 +3Ks)=4¢ 3n—7, if n=11,
3n—8, if ne{l13,14}.

(e) ex,(n, K1+ P) < 134(;;:;)" — 122(:_711) foralln >t+1, where 4 <t <6 and P is a

disjoint union of paths with |P| = t.

The upper bound in Theorem 2(c) is tight for infinitely many n. To see that, let
n = 8(k + 1). We recall the construction of F} in [13] by the illustration given in Figure
1: the graph Fj is depicted in Figure 1(a), and the graph Fy for all £ > 1 is obtained by
placing the entire graph Fj_; into the center quadrangle of Figure 1(b) (in such a way that
the center bold quadrangle of Figure 1(b) is identified with the outer quadrangle of Fy_1).

F k=1

(@) (b)

Figure 1 Construction of the sharp upper bound for ez, (n, K1 + 2K>)

Using a similar constructing method, the present authors in [13] also constructed a
graph Gj with n = 24(k + 1) vertices and 67n/23 — 4 edges for all k > 0 such that G}, is
K1 + 3K,-free, as depicted in Figure 2. Very recently, Fang, Zhai and Wang!'¢l proved that
graphs Gy, for all k£ > 0 indeed yield the desired tight upper bounds for ez, (n, K1 4+ 3K3);
they further obtained the sharp upper bounds for ez, (n, K1 + P;11) for each t € {2,3,4,5}.
Moreover, each ¢t € {2,3,4,5}, the extremal graph for ex,(n, K1 + P,y1) is the graph G
obtained from G}, depicted in Figure 5 by placing K3, K4, Ry, R5 into each 3-face of Gy,
respectively, where R; is a 4-regular triangulation on 6 vertices and Rj is depicted in Figure
2(a).

Theorem 316! Let n and t be positive integers and t € {2,3,4,5}.
(a) ex, (n, K1 +3Ks) < 82 —4 for alln > 13, with equality if and only if n is divisible
by 24.
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RS
(a) (b) (©)

Figure 2 Construction of the sharp upper bound for ez, (n, K1 + 3K2)

(b) ez, (n, K1 + Pi1) < ﬁfﬁ( 2) for alln > 32 + 1, with equality if and only if
712ét_t2) =n mod 2+,

1.2 Planar Turan number of cycles

Wang and Lih!'7 in 2007 studied upper bounds on the sizes of F-free graphs that are
2-cell embedded in a surface of nonnegative Euler characteristic to confirm the List Edge
Coloring Conjecture for such graphs with maximum degree exceeding prescribed thresholds.
We summarize their results on planar graphs below and refer the reader to [17] for further

information.

Theorem 4171 Let n be a positive integer.
(a) ex,(n,Cq) < 15(n—2)/7.

(b) ex,(n,Cs) < 12(n — 2)/5.

(c) ex,(n,Cs) < 63(n —2)/25.

(d) ex,(n,C7) < (8n —11)/3.

() ez, (n, {C1, C5}) < 2(n —2).

We believe when Dowden!® in 2016 initiated the study of planar Turdn number of
graphs, he was unaware of results by Wang and Lih!'”. Dowden!® studied the upper bounds
for ex, (n,C)) when k € {4,5}.

Theorem 51 Let n be a positive integer.
(a) ex,(n,Cy) < 15(n —2)/7, with equality when 30 = nmod70.
(b) ex,(n,Cs) < 12(n — 2)/5, and the bound is sharp for infinitely many n.

Note that Wang and Lih!*7! did not prove that each upper bound in Theorem 4 holds for
infinitely many n. Dowden®! provided clever and involved constructions for both ez, (n,Cy)
and ex, (n, Cs). For ex, (n,Cy), the extremal graph Gy, with n = 70k+30 vertices is depicted
in Figure 3. We refer the reader to [9] for their construction of the extremal graphs for Cj.
Lan, Shi and Song['8! continued this topic and independently proved the following result.

Theorem 68 ez (n,Cq) < 2(n—2) for n > 6, with equality when n = 9.

All extremal graphs are depicted in Figure 4 when n = 9. Very recently, Theorem 6
was subsequently improved by Ghosh, Gyéri, Martin, Paulos and Xiaol'?!, who gave a sharp
upper bound for ez, (n, Cs) for all n > 18. We refer the reader to [19] for their construction
of the extremal graphs.



206 LAN Yongxin, SHI Yongtang, SONG Zixia Vol.25

(@) Gy (b) Gy (k=1)

Figure 3 Construction of the sharp upper bound for ex (n, Cy)

MMM

Figure 4 All extremal graphs achieving equality in Theorems 6 and 8(c) when n =9

Theorem 7 [1] ex,(n,Cs) < 2 — 7 for n > 18, and the bound is sharp for infinitely
many n.

All proofs of the results are in the same spirit and rely on the Euler’s formula for planar
graphs, except that Wang and Lih['” applied the Discharging Method to prove Theorem
4(c) for Ces-free planar graphs.

With the support of Theorem 6, the present authors proposed a conjecture for ez, (n, Ct,)
for all £ > 6. The extremal graph for the conjectured upper bound can be obtained from
vertex-disjoint copies of T7 € Tr_1 and Ty € Tr_1 by identifying one vertex in 77 with a
vertex in 75, see Figure 4 for an example when k& = 6.

Conjecture 1181 Let n > k > 6 be positive integers. Then ex,(n,Cy) < (3 —
ﬁ)(n — 2), with equality when n = 2k — 3.

Ghosh, Gyéri, Martin, Paulos and Xiaol'! then posed a better conjecture for ex, (n, Cy)
for all £ > 7, which remains open.

Conjecture 2" Let n > k > 7 be positive integers. Then there exists an integer
No > 0 such that ex,(n,Cy) < 3(k — 1)n/k — 6(k +1)/k for alln > Ny

1.3 Planar Turan number of Theta graphs

A graph on at least 4 vertices is a Theta graph if it can be obtained from a cycle by
adding an additional edge joining two non-consecutive vertices. For each integer k > 4, let
Oy be the family of non-isomorphic Theta graphs on k vertices. Note that the only graph in
Oy is isomorphic to K , and O5 has only one graph. By abusing notation, we also use ©4
and O5 to denote the only graph in ©4 and Os, respectively. It is worth noting that every
Cj-free graph is also ©-free. Lan, Shi and Song!'® initiated the study of et (n, O), which
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was inspired by a question of Dowden!®! when k = 4. They determined the upper bounds for
ez, (n,Oy) for each k € {4,5,6}. In particular, these bounds are tight for infinitely many n
for each k € {4,5}.

Theorem 8181 Let n be a positive integer.

(a) ex,(n,04) < 12(n—2)/5 for all n > 4, with equality when 12 =n mod 20.
(b) ex,(n,05) < 5(n—2)/2 for all n > 5, with equality when 50 = n mod 120.
(c) ex,(n,B6) < (18n — 36)/7 for all n > 6, with equality when n = 9.

The extremal graph Gy, for ex, (n, ©4) with n = 20k + 12 vertices and ez, (n, ©5) with
n = 120k + 50 vertices are given in Figure 5 and Figure 6, respectively. All extremal graphs
for ex, (n,Og) are depicted in Figure 4 when n = 9.

(@) Gy (b) Gy (k=1)

Figure 5 Construction of the sharp upper bounds for ex (n, ©4)

(b) G (k=1)

Figure 6 Construction of the sharp upper bounds for ©s

Recently, Ghosh, Gyéri, Paulos, Xiao and Zamoral?®! improved further the upper bound
in Theorem 8(c) for Og. We refer the reader to [20] for their construction of the extremal
graphs.

Theorem 91 Let n be a positive integer. Then ex,(n,O¢) < (18n — 48)/7 for all
n = 14, and the bound is sharp for infinitely many n.

Note that O contains exactly two non-isomorphic graphs. We use ©f and ©2 to denote
the symmetric (containing no 3-cycle) and asymmetric (containing 3-cycle) Theta graphs in
©. The authors in [20] also proposed asymptotic conjectures for O} and ©2, respectively.
For general Oy, this problem remains wide open.
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Conjecture 3[2°!  Let n be a positive integer.
(a) ez, (n,04) = 45n/17 + O(1).
(b) ex,(n,02%) = 18n/7 + O(1).

1.4 Planar Turan number of paths and matchings

Let M, denote a matching with n edges. The classic Turan number for paths and
matching were well studied. In 1975, Faudree and Schelp?!! have determined the classical
Turdn number of paths and all extremal graphs were characterized. Motivated by the
classical Turdn number of paths, Lan, Shi and Song??! began the study of er,(n, Py). It is
worth noting that for all k € {2,3,4,5}, every Pj-free graph must be planar. Hence, when
k€ {2,3,4,5}, the exact values of ex, (n, P) and the extremal graphs have been determined
by Faudree and Schelp. The authors in [23] obtained the planar Turdn number for Py with
6 <k<I11.

Theorem 103 If G is a Ps-free planar graph of order n > 6, then e(G) < 2n—2 with
equality when G = 2K; if n = 10; and e(G) < 2n — 3 with equality when G = Ko + K,,_o
if n # 10. Moreover, the equality holds when G € {K5 UKy, K; U Ky4,3K; }.

Theorem 11131 Let G be a Pr-free planar graph of order n > 17.

(a) If n = 6t, then e(G) < 2n with equality when G =Ty U---UTy.

(b) If n =6t + 5, then e(G) < 2n — 1 with equality when G =T1U---UT, U K .

(c) If n = 6t+7 forr € [4], then e(G) < 2n — 2 with equality when G € {Ka+ (K4 +
Ky), ThU---UTy_ 1 U(Ky + (Koy, UK>))}.

Moreover, the equality holds when G € {T1U---UTy UK, Ty U---UTy UK4, Ty U---U
Ti—1 U2K; }, where T; € Tg for all i € [t].

Theorem 123 Let n > 3 be an integer. Let G be a Ps-free planar graph on n
vertices. Then e(G) < 15n/7, with equality when n = Tt for any positive integer t and
G=T1U---UTy, where T; € T7 for alli € [t].

.
T ST k1

Figure 7 Construction of G x/3)+14¢,n

To illustrate the results for P, with k& > 9, we need to introduce more notation. Let
T C T denote the family of all plane triangulations with a Hamilton cycle. Given positive
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integers k > 9, n=|k/3| —14+ec+t(|k/3] —1)+r+2,t>2, where ¢ = k mod 3 and r =
(n—e—2) mod (|k/3]—1), we next construct G| /3|1 14¢,n, depicted in Figure 7, as follows:
let (ag,bo), -, (art1,bi41) be the edge of one fixed Hamilton cycle of Ty, 11, -, Tyi1,
respectively, and identify all a; as a and all b; as b, where

To € Tisaj414e D1 € Tlyo, Ti € Th3)4 for any i € [t] when e € {0,1};
Ty, 11 € Tﬁc/ajw’ Tip1 €T, T € Tf;c/SJH for any 2 < i < t, or

To € Tisa)a0 Tew1 € Tlo, Ti € T, 3,4 for any i € [t] when e = 2.

Clearly, (G |k/3)+14¢,n) = (3— W)n—&% Lf;gjfl —(3r+1—max{3r,1}). Forn > k—1,
it is easy to see that the longest path of G| /3)41+4e,» has (|To|—2)+(|T1|—2)+(|T2|-2)+2 =
k — 1 vertices and s0 G|i/3]414¢,n 15 Pr-free, where ¢ = k mod 3.

Theorem 1323 Let n > 3 be an integer. Let G be a Py-free planar graph on n vertices
with k € {9,10,11}. Then e(G) < max{3=2n, 20=8+} with equality when n > 2k + 1
are different from k in parity and G € G|/3]414e,n, 0 when G € {T1,Ty U Tp}, where
e=k mod3 and Ty, T5 € Tp_1.

In view of Theorem 13, we believe that the following conjecture is true.

Conjecture 4  Letn > 3 be an integer and k > 12. Let G be a Py-free planar graph on
n vertices. Then e(G) < rnax{?’kkfflgn7 e(Glk/3)+14e,n) ), with equality when G € G1/3]+14¢m
or whenn=s(k—1) and G=T,U---UTy, where T; € Ty_1 for alli € [s].

The planar Turan number for matchings has been settled recently by Qin, Lan, Shi and
Yuel?4,

Theorem 1424 [et n,t be positive integers with n > 2t > 8. Then

ez, (n, M) = min{3n — 6, 2n + 3t — 13}.

2 Planar anti-Ramsey number of graphs

We have seen from Proposition 1 that ar, (7T, H) and ez, (n, H) are intimately related,
that is,
1+ex,(n,H) <ar, (T, H) < ex,(n, H),

where H ={H —e: e € E(H)}.

We want to point out that finding the exact values of ar, (n, H) is far from trivial.
As observed by Hornidk, Jendrol’, Schiermeyer and Sotdk in [11], an induction argument
in general cannot be applied to compute ar, (n, H) because deleting a vertex from a plane
triangulation may result in a graph that is no longer a plane triangulation. Let ar(W,, H)
denote the maximum number of colors in an H-free edge-coloring of W,,. As observed again
in [11], the exact value of ar(W,,, Ck) plays a key role in determining the planar anti-Ramsey
number of Cj. In this section, we collect results on anti-Ramsey number when host graphs
are plane triangulations and wheels. We refer the reader to [25,26] on anti-Ramsey number
when host graphs are outer-planar graphs and Halin graphs.
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2.1 Planar anti-Ramsey number of cycles

Hornak, Jendrol’, Schiermeyer and Sot&k!*!] initialed the study of planar anti-Ramsey

number of cycles under the name of rainbow number. They determined the exact value for

r,(n,C3), and obtained lower and upper bounds for ar,(n,Cy) when k € {4,5}; lower
bounds for ar, (n,Cy) for all n > k > 6.

Theorem 1511 Let n, k be positive integers.

[
(a) ar,(n,Cs) = [(3n —6)/2| forn >4
(b) ar,(n,Cs) < 2(n—2) forn > 4.
(c) ar,(n,C5) < 5(n—2)/2 forn > 11.
(d) ar,(n,Cq) = (9(n —2) —4r)/5 for n > 42 and r = (n — 2)mod20.
(e) ar,(n,C5) = (19(n — 2) — 10r)/9 for n > 20 and r = (n — 2)mod18.
(f) ar,(n,Cy) = £=2(3n— 6) — 2E=T for 6 < k <

Recently, Lan, Shi and Song!'? obtained upper bounds for ar,(n,Cy) when k € {6, 7},
and improved further lower bounds for ar, (n,Cy) for all k > 5

Theorem 1612 Let n, k be positive integers.

(a) ar,(n,Cs) < 17(n—2)/6 forn >

(b) ar,(n,C7) < (59n — 113)/20 for n > 13.

(c) ar,(n,Cs) > (39n — 123 —21r)/9 for n > 119 and r = (n + 7)mod18.

(d) ar,,(n7C’k)>( m) (3n—6)—%rfork/6andn>k2—k
and r = (n — 2)mod(k? — k 2).

By Proposition 1, we see that Theorem 5(b) and Theorem 7 yield better upper bounds
for ar, (n,Cy) for k =5 and k = 6, respectively.

Corollary 1 Let n, k be positive integers.
(a)[Q] ar,(n,Cs) < ex,(n,Cs) < 12(n —2)/5 for alln > 11
(b)[lg] ar,(n,Cs) < ex,(n,Cg) < 5n/2 —7 for alln > 18

For the remainder of this subsection, we focus on ar(W,,, Cy). Horndk, Jendrol’, Schier-
meyer and Sotak['! determined the exact values of ar(W,,, Cy) when k € {4, 5}.

Theorem 1711 Let n be a positive integer.
(a) ar(W,,,C4) = [4n/3]| for any n > 3.
(b) ar(W,, Cs) = [3n/2] for any n > 4.

Recently, Lan, Shi and Song!'? proved the exact value of ar(W,,,Cs) for all n > 5, and
obtained lower and upper bounds for ar(W,,, Cy) for all k > 7 with lower bounds being also
the upper bounds for finite many integers n.

Theorem 1812  Let n, k be positive integers with k > 5
(a) ar(W,,Cs) = |5n/3]| for alln >
(b) | 2=T n] < ar(Wa, Cr) < | 2k=5 nJ for alln > k—1.
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Very recently, Xu, Lu and Liu proved that the lower bound in Theorem 18(b) is the
desired upper bound for ar(W,,,Cy) for all k > 7.

Let C} denote the graph obtained from Cj by adding one pendent edge. Let C? (resp.
C?') be a graph on k + 2 vertices obtained from C} by adding one new pendent edge such
that it is incident to the vertex of degree three (resp. to a vertex of degree two). Qin, Lei

and Lil?” proved the following results.

Theorem 19127 Let n be a positive integer.
(a) ar,(n,C3) = [(3n —2)/2] for any n > 4.
(b) ar,(n,C3) < |9n/4] — 2 for any n > 5.
(c) ar,(n,CZ) < |(Tn —11)/3] for any n > 5.

Theorem 20127 Let n be a positive integer.
(a) ar(W,,CY) =n+1 for any n > 4.

(b) ar(W,,C3) =n+3 for anyn > 5.

(c) ar(W,,C2) = [4n/3] for any n > 5.

2.2 Planar anti-Ramsey number of paths

Lan, Shi and Song!'? began the study of planar anti-Ramsey number of paths, and
obtained lower bounds for ar, (n, Py) for all k > 8.

Theorem 21112 Let n, k be two positive integers with n > k and € = kmod2.
(a) If k € {8,9}, then ar,(n, Py) > (3n + 3e — e* — 3)/2, where ¢* = (n + 1+ £)mod2.
(b) If k > 10, then

n+ 2k — 12, if k<n<3lk/2]+e-5,
ar,(n,Py) > < 2n+k — 14, if n>5|k/2] +¢e— 15,
(B3n+9|k/2| +32—43)/2, otherwise.

Theorem 21 was then improved further by Qin, Li, Lan and Yue[?3.

Theorem 2228 Let n be a positive integer.

(a) [n/3] <ar,(n,Py) <n/2 for any n > 5.

(b) ar,(n,Ps) =n for anyn > 5.

(c)n+1<ar,(n,Ps) <2n—4 for any n > 6.

(d) ar,(n,P7) =2n—2 for anyn > 7.

(e) ar,(n,Py) >23n—5—2 [%ﬁwf‘ forn >k and k = 8.
3

The following follows immediately from Theorems 12 and 13.

Theorem 2328 Let n be a positive integer.
(a) ar,(n, Pg) < 15n/7.

(b) ar,(n, Py) < max{9n/4,5n/2 — 4}.
(c) ary
(

)

r.(n, Pyo) < max{7n/3, (5n — 7)/2}.
d) ar,(n, P11) < max{12n/5,5n/2 — 3}.
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The authors in [28] further obtained the exact values of ar(W,,, Py) for allk € {4,5,6,7,8, n+
1} and lower and upper bounds for ar(W,, Py) for all 9 < k < n.

Theorem 2428 Let n, k be positive integers with k >

(a) ar(Wy, Py) = [n/3] + 1 for any n > 4 and ar(W3,P4) =3.

(b) ar(W,,Ps) =n+1 for anyn > 4.

(¢c) ar(Wy, Ps) =n+2 for anyn > 5.

(d) ar(W,, P;) = |4n/3] + 1 for any n > 6.

(e) ar(Wy, Ps) = |3n/2] + 1 for anyn > 7.

f)2n—-1-2 [nz,ﬂ[kfjr‘ < ar(Wy, Py) = [22713 J for anyn >k —1.

2.3 Planar anti-Ramsey number of matchings

[29] first studied planar anti-Ramsey number of matchings.

Jendrol’, Schiermeyer and Tu
They obtained the exact values of ar,(n, M) for each k € {2,3,4}, and lower and upper

bounds for ar, (n, My) for all k > 5

Theorem 2529  Let n, k be positive integers. Then

(a) arp,(n,My) =2 forn =5

(b) ar,(n,Ms) =n forn > 1.

(c) ar,(n,My) =2n—2 forn > 8.

(d) 2n+ 2k — 10 < ar, (n, My) < 2n+ 2k — 7+ 2(*%) for all n > 2k > 10.

Recently, Qin, Lan and Shil*®! considered the next step. They obtained the exact value
of ar, (n, Ms) for all n > 11, and improved the upper bound for ar, (n, Mj) for all k > 6.

Theorem 26 3%  Let n, k be positive integers. Then
(a) ar,(n, Ms) = 2n forn > 11.
(b) a 7,(n, My) < 2n+ 6k — 17 for any n > 2k and k >

Chen, Lan and Songl®! continued the study of planar anti-Ramsey number for match-
ings. They determined the exact value of ar, (n, Mg) for all n > 30, and established better
lower and upper bounds for ar, (n, My) for all k > 6.

Theorem 27831 Let n, k be positive integers. Then
(a) ar,(n, Mg) =2n+ 3 for n > 30.
(b)2n+3k—15\ o (n, M) < 2n+ 4k — 13 for anyn > 3k — 6 and k >

Qin, Lan, Shi and Yuel® then proved that the lower bound in Theorem 27(b) is
the desired upper bound for ar,(n, M) for all k > 7 and n > 9k + 3. In addition, they
significantly improved the upper bound for ar, (n, My) for all k > 7 and n satisfying 3k—6 <
n < 9k + 3.

Theorem 28324  Let n, k be positive integers. Then
(a) ar,(n, M) =2n+ 3k — 15 for all k > 7 and n > 9k + 3.
(b) ar,(n,My) < 2n+3k —14 for allk > 7 and 3k — 6 < n < 9k + 3.

Finally, we refer the reader to [27] for the exact values of ar(W,,, M) for all k > 2
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3 Counting subgraphs in planar graphs

Given a graph H, how many copies of H can a planar graph on n vertices have? Let
N, (n,H) denote the maximum number of copies of H in a planar graph on n vertices.
In this section, we shall collect results on N, (n, H) when H is a path or cycle. We refer
the reader to [32-40] for other cases of H or counting subgraphs when host graphs are not
planar.

3.1 Counting cycles

Hakimi and Schmeichel®®! began the study of N,(n, H) and determined the exact
values of N, (n, H) and characterized all extremal graphs when H = C3 or H = Cy; they
also obtained the order of magnitude of N, (n,Cy) for all k > 5.

Theorem 293¢ Let n be a positive integer.
(a) No(n,C3) =3n—8 for alln > 6,

(b) N, (n,Cy) = 2(n? +3n —22) for alln > 4,
(c) N,(n,Cy) = O(nl*/2) for all k > 5.

Hakimi and Schmeichell®®! further proposed a conjecture for N, (n,C5), which was

answered in the positive recently by Gyéri, Paulos, Salia, Tompkins and Zamoral*!,

Theorem 3041 Let n be a positive integer. Then

6, ifn=>5
N,(n,C5) =< 2n?> —10n+12, if n=6o0rn>8
41, ifn=".

(34]

Very recently, Cox and Martin®* focused on studying N, (n, H) when H is an even

cycle.

Theorem 3134 Let n be a positive integer.
(a) Np(n,Cs) = (5)° +O(n*~1/?),

(b) N, (n,Cs) = (§)* + O(n*~1/%),

(¢) N, (n,Ca) < %f + O(nefl/f’) for any £ > 5.

With the support of Theorem 31(a, b), Cox and Martin®4 proposed the following
conjecture for even cycles in general.

Conjecture 554 For all ¢ > 3,

N, (n,Co) = (%)Z + O(n'=17/%).

It is worth noting that maximizing the number of induced subgraphs in a graph on n ver-
tices has been one of the most intriguing problems in extremal graph theory. Let N ;“d (n,H)
denote the maximum number of copies of induced H in a planar graph on n vertices. Recent-
ly, Ghosh, Gyéri, Janzer, Paulos, Salia and Zamoral*?! determined the asymptotic values of
N ;“d (n,Cy), and obtained asymptotic tight upper bound for N ;“d (n,Cs).
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Theorem 3212 Let n be a positive integer. Then
(a) N;}nd(n,CZ;) =in?+0(n), and
(b) N;)"d(mC’g,) < %nz +O(n).

3.2 Counting paths

It is easy to see that N, (n, P;) = 3n — 6. Alon and Carol*® proved that N, (n, Ps) =
n? 4+ 3n — 16 for all n > 4. Recently, Gyéri, Paulos, Salia, Tompkins and Zamoral*3]
determined the exact values of N, (n, Py).

Theorem 333 Let n be a positive integer. Then

12, if n=4,

™2 —32n+27, if n=>5,6o0rn>09,
Nl P =0 147 ifn="1

222, if n=8.

Ghosh, Gyéri, Martin, Paulos, Salia, Xiao and Zamoral*¥ then determined the asymp-
totic value of N, (n, Ps), and posed a conjecture for N, (n, Py) for all k > 6.

Theorem 34144 N_(n, P5) = n® + O(n?).

Conjecture 644 Forall ¢ > 3, we have
(a) Ny (n, Pory1) = 40(3) + O(n"), and
(b) N, (n, Pag) = 80(£ = 1)(527)" + O(n*1).

Very recently, Conjecture 6 was resolved by Cox and Martin** when k = 7.
Theorem 3554 N _(n, P;) = £n* +O(n*~1/5).
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