  Elasticity Homework Problems 2014
Section 1. The Strain Tensor.
1.  A pure shear deformation is shown.  The volume is unchanged.  What is the strain tensor.
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2. Given a steel bar compressed with a deformation of 2500 microstrains, whose length was 0.5 m, find the length after the force is applied.
3.  Given a gauge with a resistance of 100 Ohm when unstrained, a gauge factor of 2.5, and a strain of 1200 microstrains, find the change in resistance.
4. How much resistance change do you expect for a strain gauge with gauge factor 2 and unstrained resistance 120 Ohm for a strain of 1 microstrain?
5. For the bridge described in lecture, Vin = 10 V, what is V0 if R = 40Ohm and R = 120 Ohm?

Section 2.  The Stress Tensor
To show how normal and shear stresses arise in practice and how mean values of theses stresses are calculated, consider the pinned joint between two steel bars shown in Fig. 1.  The round bar A ends in a clevice B, into which the rectangular bar C fits.  Both components are drilled to take the pin D.  Tensile forces of 90 kN are applied to their ends.  a)Calculate the normal stresses A and C in the bars remote from the joint.b)Calculate the normal stresses 1 and 2 in the joint region level with the centerline of the pin. c) Calculate the shear stresses  on the planes that cross-sect the pin and which carry the greatest shear forces, assuming a point force is somehow applied at the pin center.  d) Actual bearing or contact stresses are applied non-uniformly to at most half of the pin and hole circumferences.  Calculate the mean stress 3 over the maximum cross-sectional area (length of pin that sticks through C * pin diameter) of the pin or hole at right angles to the applied force.  e) Calculate the mean bearing stress 4 over the contact surface between the ends of the pin and the holes through B.
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Section 4 
1.  For pure shear of a cube of side h, what is the free energy per unit volume of the body, in terms of shear modulus, displacement of the face relative to the opposite face, and h?
2. A strain gauge is made of steel with Young’s modulus 207 GPa.  A stress of 1 MPa is applied.  What is the strain?
3. The resistance of a strain gauge with Young’s modulus 207 GPa changes by 0.3 Ohm for a strain of 1200 microstrains.  What is the applied stress?
4. Given a gauge with a resistance of 100 Ohm when unstrained, a modulus of elasticity of 207 GN/m2, a gauge factor of 2.5, and a change in resistance of 0.5 Ohm, find the stress on the gauge.
. 
Section 5
1.  Derive (5.9) for K, ,  in terms of E and . 
2. What would be a good material for demonstrating unilateral compression?  Consider rubber, low density polyethylene, open cell foams, and cork.
3. What is the strain tensor for simple extension of a rod or wire in terms of the force per unit area on the ends, Young’s modulus, and Poissons ratio.  Devise an experiment to determine  and E for foam.
4. A copper wire as length of 1.5 m and radius 0.5 mm.  What is the change in its length when it is subject to a tension of 2000 N?  E = 140 GN/m2.  
5. Perform an experiment to test if FT = Ax/h for shear of foam blocks and to measure the shear modulus of foam.  Measure h and A.  Measure x and FT.  Plot FT vs x.  Is it linear?  Do linear fit to determine  and . Repeat for block of different dimensions.  Do you get the same ?  How does the spring constant depend on A and h, and why does this make sense.  Determine the symmetrized stress tensor for this experiment and show that FT/A =  x/h.
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6. A rod of length 2.5 m and cross-sectional area 0.3 cm2 stretchs by 0.1 cm when a tension of 800 N is applied.  What is its Young’s Modulus?
7. A circular steel wire of length 1.8 m must not stretch more than 1.5 mm when a load of 400 N is applied. What is the minimum diameter required.  E = 200 GPa.
8. A sample of a liquid has an initial volume of 1.5 liter.  The volume is reduced by 0.2 mL when the pressure increases to 140 kPa.  What is the bulk modulus of the liquid?
9. An 800 kg elevator hangs by a steel cable for which the allowable stress is 120 MN/m2.  What is the minimum diameter required if the elevator accelerates upward at 1.5 m/s2.  E = 200 GPa.  
10. The pressure at the bottom of the Marianna’s Trench in the Pacific Ocean is about 108 MPa. What is the fractional change in volume if a given mass of water is moved from the surface to this depth.  K = 2.1 GPa.
11. A human bone has a Young’s modulus of about 10 GPa.  It fractures when the compressive strain exceeds 1%.  What is the maximum load that can be sustained by a bone of cross-sectional area 3 cm2.  
12. A steel bolt of diameter 1.2 cm is used to join two plates.  What equal and opposite forces applied to the plates will cause the bolt to undergo shearing failure?  The ultimate shear strength is 350 MPa.
13. A steel bolt connects two parts of a machine.  The shank of the bolt has a diameter of 1.2 cm and a head of height h = 0.8 cm.  What is the maximum tensile load that the bolt head can withstand if its ultimate shear strength is 350 MPa?
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14. An elastic bar of length L, cross-section A, and weight W is suspended vertically from one end and has a vertical force F applied to its lower end.  Find an expression for the increase in volume of the bar.
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15. A rectangular block of brass is 100 mm long with a cross section 20 mm by 20 mm.  It is compressed by a force of 50 kN applied along the long axis.  All lateral strain is prevented by the application of uniform lateral pressure to all four long faces.  Find the change in length and the apparent modulus of elasticity.  For brass E = 103 GN/m2 and  = 0.35.
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16.  A solid alumi num alloy cone, with bulk modulus 57.5 GN/m2, a base radius R of 50 mm and height h of 125 mm is immersed in a liquid whose hydrostatic pressure is then raised to 100 MN/m2.  Determine the effect on the shape of the cone, and the changes in the radius, height, and volume of the cone.
17. The shear and bulk moduli of elasticity of a material are 15 and 145 GN/m2, respectively.  Determine Young’s modulus and Poisson’s ratio.
18. Rubber bearing pads used to support bridge structures need to be much stiffer in compression than they are in shear.  Assume that such a pad can be treated as a thin elastic layer sandwiched between, and bonded to, rigid plates, and that the effect of the bonding is to prevent normal strains in the plane of the layer.  Determine the ratio between the apparent Young’s modulus for compression normal to the layer and the apparent shear modulus for shearing of one plate relative to the other, where Poisson’s ratio for the rubber is 0.49.  Compare this ratio of apparent moduli with the ratio between the true moduli.  What effect does bonding have on the normal stiffness of the rubber pad.
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Section 6. Deformation with change of temperature
1.  Show
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2. The figure shows a solid brass bar, of length L = 100 mm and a uniform diameter D = 15 mm, which just fits between two rigid surfaces.  If the temperature of the bar is raised by 20 C, find the stresses induced in it.  Ignore end effects caused by friction.  E = 103 GN/m2,  = 0.35 , and the coefficient of linear expansion is L = 19 x 10-6 C-1.  How does the result depend on the length and diameter of the bar.
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3. A prismatic steel block of rectangular cross section 40 mm by 50 mm is 90 mm long.  Uniformly distributed compressive forces of 0.7 MN are applied to the opposite 90 mm x 40 mm faces, and the temperature of the block is raised by 15 C.  The 90 mm by 50 mm faces carry no load, and displacement of these faces is unrestricted.  The increase in the 90 mm dimension is restricted to 0.02 mm.  Determine the uniformly distributed forces which must be applied to the 40 mm x 50 mm faces and the change in volume of the block.  E = 207 GN/m2,  = 0.3, coefficient for linear thermal expansion L=11 x 10-6.
[image: ]
4. What is the relation between the linear () and volumetric () thermal expansion coefficients?
5. The ends of a steel rod are fixed.  What is the thermal stress in the rod when the temperature decreases by 80 K? E = 200 GPa,  = 11.7 x 10-6/K.
6. A railroad is laid at 15 C with steel tracks 20 m long.  What is the minimum required separation between the ends of the tracks if the maximum temperature expected is35 C?   = 11.7 x 10-6/K.
7. A steel gauge block, which is used as a standard of length in machine shops, is 5.0000 cm long at 20 C.  Over what temperature range can it be used if the uncertainty of +/- 0.01 mm is acceptable?   = 11.7 x 10-6/K.
8. A copper sphere of radius 2.000 cm is placed over a hole of radius 1.990 cm in an aluminum plate at 20 C.  At what common temperature will the sphere pass through the hole? Al = 24 x 10-6/K andCu = 17 x 10-6/K.
9. A horizontal support beam in a house is made of steel and has a length 8 m at 20 C.  It extends from one wall to the other.  During a fire its temperature rises to 80 C.  What is the increase in its length?   = 11.7 x 10-6/K.
10. The Eiffel tower, which is made of steel, is 320 m high at 20 C.  What is the change in its height over the range -20 C to 35 C.   = 11.7 x 10-6/K.
11. A steel I-beam is installed at 20 C between two fixed walls.  What is the stress induced in the beam when the temperature is increased to 35 C.  E = 200 GPa.  = 11.7 x 10-6/K.
12. The scale on a steel meter stick is stamped at 15 C.  What is the error in a reading of 60 cm at 27 C?  = 11.7 x 10-6/K.
13. Use the ideal gas law to show that the coefficient of volume expansion at constant pressure is  = 1/T.
14. A spherical glass bulb is filled with 50 mL of water at 5 C.  The bulb has a cylindrical neck of radius 0.15 cm that is initially empty.  How high does the water rise in the neck at 35 C?  Include the effect of the expansion of the glass bulb.  glass = 9 x 10-6 K-1; water = 2.1 x 10-4 K-1
15. A pendulum clock has a rod with a period of 2 s at 20 C.  If the temperature rises to 30 C, how much does the clock lose or gain in one week?  Treat the rod as a physical pendulum pivoted at one end, made of brass.  brass = 18.7 x 10-6 K-1.
16. Show that the fractional change in density of a liquid caused by a change in temperature is T where  is the coefficient of volume expansion.
17. A steel ball of radius 1.2 cm is in a cylindrical glass beaker of radius 1.5 cm that contains 20 mL of water at 5 C.  What is the change in the water level when the temperature rises to 90 C.  steel = 11.7 x 10-6 K-1.  water = 2.1 x 10-4 K-1.
18. A rectangular plate has a length L and a width W.  The coefficient of linear expansion is .  Show that the change in area caused by a change in temperatrure T is A = 2AT, where A = LW.
19. A steel rod of radius 2 cm is subject to a tensile load of 15 kN.  Then its ends are fixed while the load is applied.  What is the stress if the temperature (a) falls by 10 C; (b) rises by 10 C?  E = 200 GPa. steel = 11.7 x 10-6 K-1.
20. Concrete sections 18 m long are laid at 15 C.  (a) What is the required gap if the highest temperature expected is 35 C?  (b) What is the stress induced in the concrete if the temperature rises to 40 C?  E = 20 GPa. concrete = 12 x 10-6 K-1.
21. An air bubble has a radius of 2 mm at a depth of 12 m in water at temperature of 8 C.  What is its radius just below the surface where the temperature is 16 C? water = 2.1 x 10-4 K-1.
22. A liquid completely fills a sealed container of fixed volume.  Show that the pressure caused by a change in temperature T is given by P = KT, where  is the coefficient of volume expansion and K is the bulk modulus. 
Section 7.
1.  Show
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2. Landau Problem 7.1.  Determine the deformation of a long rod of length l standing vertically in a gravitational field.
3. Landau Problem 7.2.  Determine the deformation of a hollow sphere (with external and ingternal radii R2 and R1) with a pressure p1 inside and p2 outside. 
Section 8.
1. Show that grad = grad
2. Show that (8.7) is a solution to 2(1-)f = (-/z) (gx/x+gy/y + fz)
Section 11. 
1. Derive Eq. (11.5) from Eqs. (5.10) and (11.4).
2. A thin plate (length L, width w, and thickness h) is anchored along one edges of dimension w.  The opposite edge undergoes a parallel displacement by z.  Derive the spring constant for this deformation, assuming it to be parabolic over the length of the plate.
Section 17.
1. For a thin rod of rectangular cross section, with dimensions a and b, determine the principal moments of inertia for bending of the rod.  
2. For a thin rod of circular cross section of radius R, determine the principal moment of inertia for bending.
3. [bookmark: _GoBack]Assuming a parabolic deformation of a thin rectangular rod of width b, thickness a, and length L, determine the spring constant for bending perpendicular to the width.
Section 22.  Elastic waves in an isotropic medium
1.  The sketch shows two cylinders, one brass, one PVC.  An ultrasonic pulse emitter-receiver pair is attached to the surface of one of the blocks and generates a longitudinal sound wave.  The oscilloscope trace shows the initial pulse and 4 echoes.  Based on timing, determine which material is which and explain the origin of the first two echoes.  Check if the strength of the echo signals are what you expect.  L&L Theory of Elasticity doesn’t give the reflectivity formula in this case, because it is the same as for fluids, where sound waves are only longitudinal.  The formula found in L&L Fluid Mechanics chapter 8 is R = (2c2-1c1)2/(2c2+1c1)2.  Find materials data that you need for quantitative calculation yourself.   
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which is the required result.

In this particular example, with a linear variation of stress (and strain) along the bar,
we could have arrived at the same result by a simpler route. We could have argued that
the average axial stress along the bar is
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